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Abstract. We determine asymptotics of eigenvalues and eigenfunctions of a discontin-
uous boundary value problem with a spectral parameter in the transmission condition.
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1. Problem Statement

Consider the following boundary value problem:

here g € Zy, peN, ¢<p, gced(q,p)=1,0#m e C.
In the sequel we will use the denotations A\ = p? and Imp = 7.
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The problem (1), (2), in special cases ¢ =1, p =2 and ¢ = 1, p = 3, were investigated
in [2] and [3]. The asymptotic behavior of eigenvalues and eigenfunctions for the equation

-y +q(x)y =Xy

with boundary conditions (2) were studied in [1] for the case of transmission condition
at midpoint.

2. Main Results

The main result of the paper is the following

Theorem. Figenvalues of the problem (1), (2) are asymptotically simple and can be
represented as a union of p—q+2 sequences

Al <Azl < JAs| <...,

[A21] < [A22| < |Aes < ..o

Az < Azl < A3 <.

|/\p—q+270| < |>‘p—q+2,1| < ‘)‘p—q+2,2| <.

counted with their multiplicity. For these sequences the following asymptotics hold:

VALn = prn, /Ao n = prn+ # +0 < ! ) ,

p—q)qmn n3
us 1 1
Nom =T+ —+40 <2> ;n#0 (mod q),
q Tmn n
1 1
VALn =prn + T(l=3)+————+0(=5),4<I<p-—q+2,
p—q m(p—q)mn n
as n — 0o.
For the eigenfunctions y1,(x), Yon (€), ysn(x) and yi, (x), that correspond to
. _ 2 _ 9 79 _ 9 -
eigenvalues A = pPT ., Aon = P2y, A3 = P35, and A\in = pj,, respectively, the

following asymptotics hold:
Y10 (¥) = sinprnz, =z €[0,1];

Yonsinprnz +0 (L), z € [O, %) ,
Yo.n sinprn (r—1) + O (2), ze (%, 1} ;

Yo,n (T)

n

q

'yg’nsin%(x—l)—l—O(%), x € (%, 1];

Y3.nsin B2z + O (%) , TE [O, %) ,

Ys,.n (l‘)
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o frwinlpm s ) 000, <o),
Yn )= . )

Vi, psin (prn + S (1= 3) (z-1)+0(%), xe(g, 1]’
4<I<p—q+2, as n — co, where

1 q
= (=1)? - ! = -
= (0740 (55 )+ = 4 0)

—4q
q

1 1
Y3, = —COS <p 71'7’2,) + O(ﬁ)a ’yg,n = 0(7)7

- 1
Yn = ()" +0(),

i = —cos (p . (i~ 3)) +m <p7m n p%qw (- 3)) sin (p . (i~ 3)) +O (;) ,

as n — Q.

Proof. Tt is straightforward to check that A = 0 is not an eigenvalue of the problem (1),
(2). For any A # 0 the solution y (x, A) of the problem (1), (2) is in the form

3 — Ciyr (z, M), if 0<z< %,

y (@A) = Caoya (x,N), if % <z <l,
where w1 (x,\) = sinpz, y2(x,A) = sinp(x — 1), and Cy and Cy are yet unknown
complex numbers. A # 0 is an eigenvalue of the problem (1), (2) if and only if C; and

C5 are nontrivial solutions of the following homogeneous system of linear equations:

C1 sin %p — Cssin (% - l)p =0,
C1pcos %p — Capcos (% - l)p = C4p*msin %p.

Hence, eigenvalues of the problem (1), (2) are nonzero roots of the following equation:

_ | Au(p) Ar2(p)| _
Ale) = ‘Am(P) Aaa(p) ‘ =0

Therefore, we obtain

A(p) = —psinp+p*m sin}%psin (1 - Z)p =0. (3)



202 Asymptotics of eigenvalues and eigenfunctions

Now we find asymptotics of roots of the equation (3). From (3) it follows that, A, =
pin = (p7m)2, n =1,2,... are simple eigenvalues of the problem (1), (2). For sufficiently

small a > 0, set
> mr}) .

Q= m ({pGC:‘pzﬂn

n=0

>om}ﬂ{p€@:‘ppfq7m

Taking into account that for all p € @

|—psinp | = [p| - [sinp | < |p| - €7l;

and

2 . q . q 2
p'msin=psin(1—=|p|=|p|”|m|-
p p

sinqpsin<1—q>p’>
p p

2 47 —4)|r 2 T
> C-p? - |m| - e =BT = Lo - Im - el

where C' is an absolute constant, by virtue of Rouche’s theorem it follows that, zeroes of
the function A(p) of which absolute values are sufficiently large and are different from

p1.n lie in small neighborhoods of roots of the equation p* m sin%psin (1 — %) p=0.

Then, all such zeroes of A(p) lie in the set C/Q, hence, have bounded imaginary parts.
By Rouche’s theorem, these zeroes of the function A(p) are asymptotically simple and
are in the form % + o, and % + 6, where a,, # 0,6,, # 0 and o, — 0, 6,, — 0 as
n — oo.

Now let us study asymptotic behaviour of the sequence {«a,} as n — oo. Firstly,
consider the case of n # 0 (mod q). Take p = F7* + o, in equation (4). We get

(p+> _ (P+) .m.SmQ(fmw) N <W+an).
q q p q p q

(q 1 1 sin (27" +an)
sin | ~ay, | =—- :

p " m %—"an Sin(m_,_ua)
q p n

From the last equality it follows that

an0(1>, 88 1 — 0o. (5)

n

(4) implies that

1 1
gan—i—O((an)g):*' <m_q+q> X
p m T—Fa" pTn - prn

sin( 2 4o,
q _
X frd
sin (% + an) coS %an — cos (? + an) sin %an
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1 _
= . 4on + -2 )«
1

cos %an — cot (’"{;" + an) - sin %an

_ (e aa y

m. o\ pn (% + an) -pmTn

1
140 (a2) — cot (%Jran) ~sin%

X

Taking into account (5) and the fact that for sufficiently large n # 0 (mod q)
‘cot (% + an> ‘ < a (a > 0 is independent of n), we get

q LY_1 (¢ LI R
pa"+0(n3>_m (pwn+0<n3>> 1+O(%)'

Since
! =140 ! —
1+O(l) = ~ ], as m— oo,
we have
1 1 1 1 1
Op = | —— — ] 1+0|(—-)|+0(=)=— —
mmn n3 n n3 mrn 2
Therefore,
1 1
Ps,nZ]ﬂnﬁ-i—i—O <2> ,n#0 (modq), n=12,..,
q Tmn n

is a subsequence of the set of roots of (3).
Now let n =0 (mod ¢). Then n = ¢k, k € N. Denoting S = gk, from (4) we get

. (q ) 1 1 sin (prk + Br)
sin| =0, | = —- . =
p m  prk+ Bk & (p?Tk + %Bk)

1 sin g
+ B sin% B

k
The above equality implies that S, = O ) Therefore, from (4) we get:

¢ 1\ 1 /1 1 Brt0(m)
pﬁk”(ks)—m'(w”(m))'w‘
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w0 (8)) o (@) -mmam o (s)

Finally, we get
p 1
= 4+0|—= ).
2 ma(p — q)ek (’f?’)

Therefore,
p 1
pon=pmm+—————+0|—=|,n#0 (modq), n=1,2,...,
’ mq(p — q)mn n?

is a subsequence of the set of roots of (3).
By the same way it is proved that

1 1
On = m(p — q)mn +0 (712) '

Hence, for the sequence p;,, of roots of the equation (3) we obtained the following
asymptotic formula
1

W(l72)+7m(p—q)7rn

1
Pln 0(2),4§l§pq+2, n=20,1,2,...
n

Now, let us study the asymptotic behavior of eigenfunctions of the problem (1), (2).
From the asymptotic equalities obtained for pi ., p2n, p3nand p, (4 <1<p—qg+2)
and the expression for Asq(p), for sufficiently large n we have:

Ao (p1,n) # 0 (for all n), Asa(p2,n) # 0, Az2(pzn) #0 and Aza(pin) # 0.

Hence, for the sufficiently large n the eigenfunctions of the problem (1), (2) cor-
responding to eigenvalues A1, = (p1, 71)2, Aoy = (pQ,n)Q, A3 = (Ps,n)Q, and A, =
(pn)? (3 <1< p—q+2) will be

A2z (1) v1 (2, A1n), for @ e {07 %)_»
1

Aot (p1n) Y2 (x,A2n), for x €

Yo
SASY
L

)yl(x )\271)7 for £CE|:O,%),
n) Y2 (T, A2 p), for xe(%,l

A22 an)yl (.’L‘ Agn), fOI’ T € |:0, %),
—fAm (P3,n) Y2 (€, A3,,), for x € 1

/
SHSY

and

A2z (prn) y1 (2, M), for @ € {0 %),
_7A21 (pin) y2 (x, N ), for xe( 1

Y1 ( {
Y2,n ( {
Y3.n ( {
Yin ( {
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respectively. We prove asymptotic equality for the eigenfunction y; ., (z). Asymptotic
equalities for eigenfunctions y1 ,, (z), y2,n(z) and y3 ,(x) are proved analogously. Since,

cosz=1—|—0(22),z—>0,
sinz=z+0 (2%) =0(z),z = 0,

we have:

4 (prn+

1 P—q P
A22 (pl,n) = ———p1L,n COS Pl,n = — COS
Pln Pln D

1
-3 ++O<
p—qw( ) m(p—q)mn n2

1 (p—q)n+(1—2)+1 1 _ (p—q)nti—1 1
+O<nQ>>:(—1)pq cos [ O - = (-1)"71 +0 3 )

we have

" )= —eostp—a) (1= 3) 7+

pmmn

y1 (z, N\ ) =sinpy, z.

Finally, for = € [O, %)

n i) = (0750 (L)) (s (s 2 or-9) v (L)) =
= ((_1)(p—q)n+l—1 +0 (::;)) sin (pﬂ'n + 5 pi q7r(l — 3)) z+0 (i) .

Now, let z € [%, 1).

1 1 1
——— A2 (p1n) = —cos]gj <p7m+ P 7(l-3)+ —— +0 ()) +

Pln P—q m(p—q)mn
1 1
+<p7rn+ P 7r(l—3)++0<2)>m><
P—q m(p—q)m™n n

1 1
><Sing <p7m+ pw(l—3)++0<2>> =
D P—q m(p—q)mn n

= (=) cos (qw (1-3)+0 (i)) + (=) m <p7rn + p%qw (1-3)+

p—q

+m<p_1q)m+o<;2>)sm (pfq 7r(13)+0<;>) =

= (=1)"""cos (pqu (1— 3)) +

pra o) o)

+(=1)""m <p7m + p%qﬂ (1— 3)) sin <
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Hence, it was shown that

e o) = () (=cos (Som(t-3)) +

p—q

+m <p7m—|-ppiq7r(l—3)> sin( . 7r(l—3))+

+0 <nl2>>sin <p7m+pfq7r(l—3)> (x—1)+0<711>, e (57 1} .

Theorem is proved. |
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