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1 Introduction

In recent years, the remarkable concept of hypergeometric identities sits at the intersec-
tion of diverse studies such as exact results in supersymmetric gauge theories [1–14] and
their mathematical structures interacting with various fields in mathematics, see, e.g., [15–
18], star-triangle relation (Yang-Baxter equation) [19–28] or star-star relation [29–32] for
spin lattice models, knot theory [33], pentagon identities [33–41], Bailey pairs [23, 42–45],
quantum algebras [28, 46–48], etc.

In this work, we consider certain three-dimensional N = 2 supersymmetric dualities
on S3

b /Zr. These dualities have been studied via the gauge/YBE correspondence, which
connects dualities with integrable models in statistical models, see for a comprehensive
review [49, 50].

Here we consider three-dimensional SU(2) gauge theory with six flavors S3
b /Zr. The

corresponding star-triangle relation for this theory was constructed in [24]. The reduction of
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the gauge symmetry to U(1) via the gauge symmetry breaking gives another solution to the
star-triangle relation which is realized as the generalized Faddeev-Volkov model [25, 28],
since the r = 1 case gives the Faddeev-Volkov model [51, 52] corresponding to N = 2
supersymmetric dual theories on S3

b [53]. The star-star relations [54] of these two models
are constructed, and for the factorized interaction-round-a-face (IRF) spin models, IRF-
type YBE are presented in [31, 32]. The integral identity obtained by supersymmetric
duality with the gauge group U(1) can also be written as a pentagon identity [28].

We present new Bailey pairs for the hyperbolic hypergeometric integral identities. The
construction of Bailey pairs for the star-triangle relation leads to acquiring the vertex-type1

YBE via the Coxeter relations [23]. Bailey pairs for the star-star relations and the pentagon
identity mentioned above are also constructed.

The organization of the rest of this paper is as follows. In section 2, we briefly recall
the mathematical tools and introduce integral identities resulting from the equality of
the partition functions of N = 2 supersymmetric gauge theories on S3

b /Zr. In section 3,
we present the star-triangle relations, the star-star relations, and the pentagon identities
obtained via the supersymmetric dualities. In section 4, we construct Bailey pairs for each
integral identity considered in previous sections. In section 5, we conclude our results and
present some further studies. The appendix consists of the construction of the Bailey pair
for the star-triangle relation.

2 Seiberg dualities on S3
b /Zr

In this section, we consider Seiberg dualities [55] in three-dimensional N = 2 theories [56,
57]. One of the evidences2 for dualities is the equality of partition functions.3

The three-dimensional N = 2 partition functions on the squashed lens space S3
b /Zr

have been computed via dimensional reduction of the four-dimensional lens superconformal
index [2, 7, 26] and via the supersymmetric localization technique [3, 4]. Such theories have
been studied in [5, 24, 28, 31, 32].

2.1 3d SU(2) duality

Our starting point is a three-dimensional N = 2 SU(2) gauge theory with six fundamentals
and six anti-fundamentals. The confined dual theory consists of only fifteen chiral multi-
plets in the totally antisymmetric tensor representation of the flavor group. The equality
of the partition functions can be written as an integral identity in terms of hyperbolic

1In the vertex-type models, the spins (continuous and discrete) are located at the edges, and the inter-
actions of the spins are via vertices.

2The equality of the superconformal indices is also evidence for duality, see e.g. [12, 36, 38, 58].
3Supersymmetric partition functions are studied on sphere (e.g. [59]), squashed sphere (e.g. [13, 14, 60]),

and squashed lens space (e.g. [2–4]).
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hypergeometric functions,4

[r/2]∑
y=0

ε(y)
∫ ∞
−∞

∏6
i=1 γ

(2)(−i(ai ± z)− iω1(ui ± y);−iω1r,−iω)
γ(2)(±2iz ± 2iω1y;−iω1r,−iω)

×γ
(2)(−i(ai ± z)− iω2(r − (ui ± y));−iω2r,−iω)

γ(2)(±2iz − iω2(r ± 2y);−iω2r,−iω)
dz

2r
√
−ω1ω2

=
∏

1≤i<j≤6
γ(2)(−i(ai + aj)− iω1(ui + uj);−iω1r,−iω)

× γ(2)(−i(ai + aj)− iω2(r − (ui + uj));−iω2r,−iω) ,

(2.1)

with the balancing conditions5 are
∑6
i=1 ai = ω and

∑6
i=1 ui = 0, where we introduced

ω := ω1 + ω2. Also, ε(0) = ε([r/2]) = 1 and ε(y) = 2 otherwise. Here the function
γ(2)(z;ω1, ω2) is the so-called hyperbolic gamma function6 [68–70] which is the main tool
in this study. One of the several representations7 of this special function is the following8

γ(2)(z;ω1, ω2) = exp
(
−
∫ ∞

0

dx

x

[ sinh x(2z − ω1 − ω2)
2 sinh (xω1) sinh (xω2) −

2z − ω1 − ω2
2xω1ω2

])
, (2.2)

where Re(ω1), Re(ω2) > 0 and Re(ω1 +ω2) > Re(z) > 0. We will mainly use the reflection
property of the hyperbolic gamma function

γ(2)(z;ω1, ω2)γ(2)(ω1 + ω2 − z;ω1, ω2) = 1 , (2.3)

and the following shorthand notation

γ(2)(±z;ω1, ω2) = γ(2)(z;ω1, ω2)γ(2)(−z;ω1, ω2) . (2.4)

Note that the case r = 1 (see, e.g., [69]) of the integral identity (2.1) corresponds to
the duality of supersymmetric gauge theories on S3

b .
4For the integral identity written in terms of the improved double sine function, see, e.g., [24].
5When the balancing condition is taken

∑6
i=1 ui = mr where m is an integer, there should be a sign

factor eπi2 mr
2(m−1)(2m−1) on the left-hand side of the integral identity (2.1), seem [24].

6Different versions of the hyperbolic gamma function can be seen as the double sine function [61, 62],
the non-compact quantum dilogarithm [62–66], the modified q-gamma function [67], etc.

7For various integral representations, see, e.g. [71, 72] and one can also introduce the infinite product
representation

γ(2)(z;ω1, ω2) = e
πi
2 B2,2(z;ω1,ω2) (e−2πi z

ω2 q̃; q̃)
(e−2πi z

ω1 ; q)
,

where parameters are q̃ = e2πiω1/ω2 and q = e−2πiω2/ω1 and the Bernoulli polynomial is

B2,2(z;ω1, ω2) = z2 − z(ω1 + ω2)
ω1ω2

+ ω2
1 + 3ω1ω2 + ω2

2
6ω1ω2

.

8One can list many areas of study for this function, but we mention fewer examples from the areas
of mathematical and theoretical physics such as knot theory [73–76] supersymmetric gauge theory [77]
integrable models of statistical mechanics [51, 52] special functions [69].
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2.2 3d U(1) duality

One obtains the following integral identity via breaking the gauge symmetry [28] (see
also [19, 25]) from SU(2) to U(1) in the duality (2.1)

[r/2]∑
y=0

ε(y)e
πi
2 C
∫ ∞
−∞

3∏
i=1
γ(2)(−i(ai − z)− iω1(ui − y);−iω1r,−iω)

×γ(2)(−i(ai − z)− iω2(r − (ui − y));−iω2r,−iω)

×γ(2)(−i(bi + z)− iω1(vi + y);−iω1r,−iω)

×γ(2)(−i(bi + z)− iω2(r − (vi + y));−iω2r,−iω) dz

r
√
−ω1ω2

=
3∏

i,j=1
γ(2)(−i(ai + bj)− iω1(ui + vj);−iω1r,−iω)

×γ(2)(−i(ai + bj)− iω2(r − (ui + vj));−iω2r,−iω)) ,

(2.5)

where the balancing conditions are
∑3
i=1 ai + bi = ω and

∑3
i=1 ui + vi = 0 and the sign

factor is C = −2y +
∑3
i=1(ui − vi). It is possible to shift the discrete parameters ui and vi

and obtain a new balancing condition
∑3
i=1 ui + vi = r. In this case C = 0 in (2.5).

3 Integrability conditions and the basic 2-3 Pachner move

3.1 Star-triangle relation

In the transfer matrix method [78] for Ising-type models, it is sufficient to write a star-
triangle relation to obtain the integrability property of the lattice spin model. Here we
are interested in Ising-like models with discrete mi and continuous xi spin variables. We
denote the discrete and continuous spins together in the form of σi := (xi,mi).

The Boltzmann weights of the models discussed here have the reflection property
W (σi, σj) = W (σj , σi) and the crossing symmetry Wαi,α̃j (σi, σj) = Wη−αi,β−α̃j (σi, σj),
which means that one can write vertical interactions in terms of horizontal interactions.
Hence, we can write the star-triangle relation as the following∑
m0

∫
dx0 S(σ0)Wα1,α̃1(σ1, σ0)Wα2,α̃2(σ2, σ0)Wα3,α̃3(σ3, σ0)

= RWη−α1,β−α̃1(σ1, σ2)Wη−α2,β−α̃2(σ1, σ3)Wη−α3,β−α̃3(σ2, σ3) ,
(3.1)

where the constraints on the spectral parameters are α1 +α2 +α3 = η (note that these are
continuous and in our cases η = −ω

2 ) and α̃1 + α̃2 + α̃3 = β (note that these are discrete
and in our cases β = 0) with crossing parameters η and β. The functions S(σ0) and R are
the self-interaction contribution and the spin-independent functions, respectively.

The identity (2.1) turns to the star-triangle relation9 when new variables

ai = −αi + xi , ai+3 = −αi − xi ,
ui = −α̃i + yi , ui+3 = −α̃i − yi ,

(3.2)

9In [24], it is firstly appeared as normalized and with only continuous spectral parameters.
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are introduced. The Boltzmann weights can be written as

Wαi,α̃i(xi, xj , yi, yj) =

γ(2)(−i(−αi + xi ± xj)− iω1(−α̃i + yi ± yj);−iω1r,−iω)

× γ(2)(−i(−αi + xi ± xj)− iω2(r − (−α̃i + yi ± yj));−iω2r,−iω)

× γ(2)(−i(−αi − xi ± xj)− iω1(−α̃i − yi ± yj);−iω1r,−iω)

× γ(2)(−i(−αi − xi ± xj)− iω2(r − (−α̃i − yi ± yj));−iω2r,−iω) .

(3.3)

The spin-independent weight function R depending only on spectral parameters is the
same for both models

R =
3∏
j=1

γ(2)(2iαj + 2iω1α̃j ;−iω1r,−iω)γ(2)(2iαj − iω2(r + 2α̃j);−iω2r,−iω) . (3.4)

However, a self-interaction contribution is not trivial in the SU(2) model (the iden-
tity (2.1)) and has the following form

S(σ0) = ε(n)
γ(2)(±2iu± 2iω1n;−iω1r,−iω)γ(2)(±2iu− iω2(r ± 2n);−iω2r,−iω)

, (3.5)

where ε(n) disappears if one changes boundaries of the summation as in [28] (see appendix
in [26]).

The same procedure is applied to (2.5)10 by re-defining variables as

ai = −αi + xi , bi = −αi − xi ,
ui = −α̃i + yi , vi = −α̃i − yi ,

(3.6)

then, the Boltzmann weights become

Wαi,α̃i(xi, xj , yi, yj) =

e−πi(yi+yj)γ(2)(−i(−αi + xi − xj)− iω1(−α̃i + yi − yj);−iω1r,−iω)

× γ(2)(−i(−αi + xi − xj)− iω2(r − (−α̃i + yi − yj));−iω2r,−iω)

× γ(2)(−i(−αi − xi + xj)− iω1(−α̃i − yi + yj);−iω1r,−iω)

× γ(2)(−i(−αi − xi + xj)− iω2(r − (−α̃i − yi + yj));−iω2r,−iω) ,

(3.7)

where the exponent term vanishes if we change the balancing condition mentioned in (2.5).
This model has no self-interaction term and the spin-independent function is the same
as (3.4).

3.2 Star-star relation

One can obtain another fundamental integrability condition in statistical mechanics which
is the star-star relation11 [54] in the existence of star-triangle relation. In some lattice spin

10This star-triangle relation for generalized Faddeev-Volkov model appeared in [25, 28] has only continuous
spectral parameters.

11For the star-star relation in the context of supersymmetric partition functions for dualities, and sym-
metries of beta hypergeometric integrals, see [30, 79, 80].
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models, Boltzmann weights satisfy the star-star relation but not the star-triangle relation,
see e.g. [54, 81, 82].

The star-star relation has the following form

∑
m0

∫
dx0Wα1,α̃1 (σ1, σ0)Wα2,α̃2 (σ0, σ2)Wα3,α̃3 (σ3, σ0)Wα4,α̃4 (σ0, σ4)

= W2η−α1−α2,2β−α̃1−α̃2(σ1, σ2)W2η−α1−α4,2β−α̃1−α̃4(σ1, σ4)
W2η−α3−α4,β−α̃3−α̃4(σ4, σ3)W2η−α2−α3,2β−α̃2−α̃3(σ2, σ3)

×
∑
m0

∫
dx0Wα3,α̃3 (σ0, σ1)Wα4,α̃4 (σ2, σ0)Wα1,α̃1 (σ0, σ3)Wα2,α̃2 (σ4, σ0) ,

(3.8)

where the spectral parameters satisfy the conditions
∑4
i=1 αi = 2η and

∑4
i=1 α̃i = 2β.

Using the hyperbolic hypergeometric integral identity (2.1) (the star-triangle relation),
one can obtain the following integral identity [32] presented as a star-star relation

[r/2]∑
y=0

ε(y)
∫ ∞
−∞

∏8
i=1 γ

(2)(−i(ai ± z)− iω1(ui ± y);−iω1r,−iω)
γ(2)(±2iz ± iω12y;−iω1r,−iω)

× γ(2)(−i(ai ± z)− iω2(r − (ui ± y));−iω2r,−iω)
γ(2)(±2iz − iω2(r ± 2y);−iω2r,−iω)

dz

r
√
−ω1ω2

=
∏

1≤i<j≤4 γ
(2)(−i(ai + aj)− iω1(ui + uj);−iω1r,−iω)∏

5≤i<j≤8 γ
(2)(−i(ãi + ãj)− iω1(ũi + ũj);−iω1r,−iω)

×
∏

1≤i<j≤4 γ
(2)(−i(ai + aj)− iω2(r − (ui + uj));−iω2r,−iω)∏

5≤i<j≤8 γ
(2)(−i(ãi + ãj)− iω2(r − (ũi + ũj));−iω2r,−iω)

×
[r/2]∑
m=0

ε(m)
∫ ∞
−∞

∏8
i=1 γ

(2)(−i(ãi ± x)− iω1(ũi ±m);−iω1r,−iω)
γ(2)(±2ix± iω12m;−iω1r,−iω)

× γ(2)(−i(ãi ± x)− iω2(r − (ũi ±m));−iω2r,−iω)
γ(2)(±2ix− iω2(r ± 2m);−iω2r,−iω)

dx

r
√
−ω1ω2

,

(3.9)

with the balancing conditions
∑8
i=1 ai = 2ω and

∑8
i=1 ui = 0, and parameters are identified

as

ãi = ai + s, ũi = ui + p, if i = 1, 2, 3, 4 ,
ãi = ai − s, ũi = ui − p, if i = 5, 6, 7, 8 ,

(3.10)

where

s = 1
2

(
ω −

4∑
i=1

ai

)
= 1

2

(
−ω1 − ω2 +

8∑
i=5

ai

)
,

p = −1
2

( 4∑
i=1

ui

)
= 1

2

( 8∑
i=5

ui

)
.

(3.11)
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The following identity is the star-star relation [31] of the generalized Faddeev-Volkov
model

[r/2]∑
y=0

ε(y)
∫ ∞
−∞

4∏
i=1

γ(2)(−i(ai − z)− iω1(ui − y);−iω1r,−iω)

× γ(2)(−i(ai − z)− iω2(r − (ui − y));−iω2r,−iω)

× γ(2)(−i(bi + z)− iω1(vi + y);−iω1r,−iω)

× γ(2)(−i(bi + z)− iω2(r − (vi + y));−iω2r,−iω) dz

r
√
−ω1ω2

= e
πi
2
∑2

i=1(ui−vi)

e
πi
2
∑4

i=3(ũi−ṽi)

∏2
i,j=1 γ

(2)(−i(ai + bj)− iω1(ui + vj);−iω1r,−iω)∏4
i,j=3 γ

(2)(−i(ãi + b̃i)− iω1(ũi + ṽi);−iω1r,−iω)

×
∏2
i,j=1 γ

(2)(−i(ai + bj)− iω2(r − (ui + vj));−iω2r,−iω)∏4
i,j=3 γ

(2)(−i(ãi + b̃i)− iω2(r − (ũi + ṽi));−iω2r,−iω)

×
[r/2]∑
m=0

ε(m)
∫ ∞
−∞

4∏
i=1

γ(2)(−i(ãi − x)− iω1(ũi −m);−iω1r,−iω)

× γ(2)(−i(ãi − x)− iω2(r − (ũi −m));−iω2r,−iω)

× γ(2)(−i(b̃i + x)− iω1(ṽi +m);−iω1r,−iω)

× γ(2)(−i(b̃i + x)− iω2(r − (ṽi +m));−iω2r,−iω) dx

r
√
−ω1ω2

,

(3.12)

where the balancing conditions are
∑4
i=1 ai + bi = 2ω and

∑4
i=1 ui + vi = 0, and we used

the following choice of parameters,

ãi = ai + s, b̃i = bi + s, ũi = ui + p, ṽi = vi + p, if i = 1, 2 ,
ãi = ai − s, b̃i = bi − s, ũi = ui − p, ṽi = vi − p, if i = 3, 4 ,

(3.13)

where

s = 1
2(ω + a1 + a2 + b1 + b2) = 1

2(ω − a3 − a4 − b3 − b4) ,

p = −1
2(u1 + u2 + v1 + v2) = 1

2(u3 + u4 + v3 + v4) .
(3.14)

3.3 The pentagon identity

Pentagon relation [34, 35] has a meaning of the 2-3 Pachner move [83] for triangulated
three-dimensional manifolds and can be formally written as

BBB = BB . (3.15)

Here we write the equation (2.5) as an integral pentagon identity [28]. It can be
interpreted as a topological invariant of corresponding 3-manifold via 3d-3d correspon-
dence [84, 85] building bridges between three dimensional N = 2 supersymmetric gauge
theories and triangulated 3-manifolds.

– 7 –
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Then the hyperbolic hypergeometric solution to the pentagon identity can be obtained
by the following definition

B(z1, u1; z2, u2) = γ(2)(−iz1 − iω1u1;−iω1r,−iω)γ(2)(−iz1 − iω2(r − u1);−iω2r,−iω))
γ(2)(−i(z1 + z2)− iω1(u1 + u2);−iω1r,−iω))

γ(2)(−iz2 − iω1u2;−iω1r,−iω)γ(2)(−iz2 − iω2(r − u2);−iω2r,−iω)
γ(2)(−i(z1 + z2)− iω2(r − u1 − u2);−iω2r,−iω)

,

(3.16)

and the equation (2.5) turns to the integral pentagon identity

1
r
√
−ω1ω2

br/2c∑
y=0

e
πiC

2

∫ ∞
−∞

dz
3∏
i=1
B(ai − z, ui − y; bi + z, vi + y)

= B(a1 + b2, u1 + v2; a2 + b3, u2 + v3)B(a1 + b3, u1 + v3; a2 + b1, u2 + v1) ,

(3.17)

where the sign factor and the balancing conditions are the same as in (2.5).

4 Bailey pairs

Influenced by Rogers’ work in proving combinatorial identities which are now known as
the Rogers-Ramanujan identities, W.N. Bailey introduced the following lemma to abstract
the notions underlying the proofs [86],

Lemma 4.1. If the series {α}n≥0, {β}n≥0, {δ}n≥0, {γ}n≥0, {u}n≥0 and {v}n≥0 satisfy

βn =
n∑
r=0

αrun−rvn+r ,

and

γn =
∞∑
r=n

δrur−nvr+n ,

then
∞∑
n=0

αnγn =
∞∑
n=0

βnδn .

The proof relies on a simple rearrangement of the series and is trivial as noted by
Bailey, hence will be omitted. Theorem 4.1 is commonly referred to as the Bailey lemma
and for specific choices of the mentioned series, various identities in mathematics can be
derived [87–90].

Following Bailey’s work, Andrews [91] formulated a method of deriving infinitely many
identities from a known one iteratively. Given two sequences of functions {α}k and {β}k
for k ∈ {0, . . . , n}, with the relation

βk = Fk(α0, . . . , αn) , (4.1)

– 8 –
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one can construct the functions

β
(i)
k = Gk

(
β

(i−1)
0 , . . . , β(i−1)

n

)
, i ∈ Z>0 , (4.2)

α
(i)
k = Hk

(
α

(i−1)
0 , . . . , α(i−1)

n

)
, i ∈ Z>0 , (4.3)

that also satisfy (4.1) for every i ∈ Z>0. Then the functions {α(i)}k, {β(i)}k are called a
Bailey pair, and they form a chain of infinite length. This notion can be generalized from
chains to lattices and higher-dimensional chains, see, e.g. [92–94]. Apart from their purely
mathematical implications, Bailey pairs are also used in superconformal field theories [95,
96] and exactly solvable models of statistical mechanics. The latter will be the focus of
our interest in the next sections. For a detailed study of the history of the Bailey lemma,
see [97].

4.1 Star-triangle relation

Definition 4.1. The functions α(x,m; t, p) and β(x,m; t, p), x ∈ C, m ∈ Z form an
integral Bailey pair with respect to parameters t ∈ C and p ∈ Z if the following relation is
satisfied,

β(z,m; t, p) = M(t, p)z,m;x,jα(x, j; t, p) , (4.4)

where M(t, p)z,m;x,j is an integral-sum operator that integrates and sums over the contin-
uous variable x ∈ C and the discrete variable j ∈ Z of α(x, j; t, p), respectively.

Suppose we have another operator D(s, q; y, l;x, k) of continuous s, y, x ∈ C and dis-
crete variables q, l, k ∈ Z, such that it satisfies the relation

D(s, q; y, l;x, k)D(−s,−q; y, l;x, k) = 1 (4.5)

that we will refer to as the reflection relation, and D(0, 0; y, l;x, k) = 1. Moreover, we
assume that the operators M and D satisfy the “star-triangle relation”, given as

M(s, q)w,k;z,mD(s+ t, q + p; y, l; z,m)M(t, p)z,m;x,j

= D(t, p; y, l;w, k)M(s+ t, q + p)w,k;x,jD(s, q; y, l;x, j) .
(4.6)

Utilizing M and D operators, the next lemma addresses the question of forming infinitely
many Bailey pairs after finding a particular one.

Lemma 4.2 (Bailey Lemma). Suppose α(x,m; t, p) and β(x,m; t, p) form an integral Bai-
ley pair with respect to t ∈ C and p ∈ Z. Then, the sequences of functions α′(x, k; t+s, p+q)
and β′(x, k; t+ s, p+ q), k ∈ Z, defined by

α′(x,k; t+s,p+q) =D(s, q;y, l;x,k)α(x,k; t, p) , (4.7)
β′(x,k; t+s,p+q) =D(−t,−p;y, l;x,k)M(s, q)x,k;z,mD(s+ t, p+q;y, l;z,m)β(z,m; t, p) ,

(4.8)

form a Bailey pair with respect to the new parameters t+s and p+q where s, y ∈ C, q, l ∈ Z
are arbitrary and the operator D(s, q; y, l;x, k) is described as above.
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Proof. The proof follows easily from the definitions. We substitute α′(x, j; t+ s, p+ q) and
β′(x, k; t+ s, p+ q) into the relation defining a Bailey pair. We want to show,

β′(w, k; t+ s, p+ q) = M(t+ s, p+ q)w,k;x,jα
′(x, j; t+ s, p+ q) , (4.9)

D(−t,−p; y, l;w, k)M(s, q)w,k;z,mD(s+ t, p+ q; y, l; z,m)β(z,m; t, p)
= M(s+ t, p+ q)w,k;x,jD(s, q; y, l;x, j)α(x, j; t, p) .

(4.10)

Using the reflection relation displayed above for D operators, the problem reduces to the
star-triangle relation,

M(s, q)w,k;z,mD(s+ t, q + p; y, l; z,m)M(t, p)z,m;x,j

= D(t, p; y, l;w, k)M(s+ t, q + p)w,k;x,jD(s, q; y, l;x, j) ,
(4.11)

which we have assumed to be true for M and D operators.

We will be constructing suchM and D operators satisfying the star-triangle relation in
virtue of the integral identities (2.1) on SU(2) and (2.5) on U(1) in the following sections to
construct Bailey pairs. We should mention that there is no systematic way of constructing
Bailey pairs.

4.1.1 SU(2) gauge symmetry

Let us first construct the operators that will be used to satisfy (4.6). We can basically
build the operators via the characteristic properties of hypergeometric functions.

D(t,p;y, l;w,k) =γ(2)(−i(t+y±w+ωρ)−iω1(p±k+rσ+l);−iω1r,−iω)

×γ(2)(−i(t−y±w+ω(1−ρ))−iω1(p±k+r(1−σ)−l);−iω1r,−iω)

×γ(2)(−i(t−y±w+ωρ)−iω2(r−(p±k+rσ+l));−iω2r,−iω)

×γ(2)(−i(t−y±w+ω(1−ρ))−iω2(r−(p±k+r(1−σ)−l));−iω2r,−iω).
(4.12)

Obviously, one can see that

D(t, p; y, l;w, k)D(−t,−p; y, l;w, k) = 1 , (4.13)

and
D(0, 0; y, l;w, k) = 1 . (4.14)

Now we can construct the integral sum operator as follows

M(t, p)z,m;x,j = 1
C(t, p)

[r/2]∑
j=0

∫ ∞
−∞

γ(2)(−i(−t+ z ± x)− iω1(m− p± j);−iω1r,−iω)

× γ(2)(−i(−t+ z ± x)− iω2(r − (m− p± j));−iω2r,−iω)

× γ(2)(−i(−t− z ± x)− iω1(−m− p± j);−iω1r,−iω)

× γ(2)(−i(−t− z ± x)− iωr(r − (−m− p± j));−iω2r,−iω) [djx]
2r
√
−ω1ω2

,

(4.15)
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where the measure of this integral operator is written as the following

[djx] = ε(j)dx
γ(2)(±2ix± 2iω1j;−iω1r,−iω)γ(2)(±2ix− iω2(r ± 2j);−iω2r,−iω)

, (4.16)

and the contribution of the spin-independent function is

C(t, p) = γ(2)(−i(−2t)− iω1(−2p);−iω1r,−iω)

× γ(2)(−i(−2t)− iω2(r − (−2p));−iω2r,−iω) .
(4.17)

Using these operators and the identity (4.6), one can find the parameters as follows

a1,2 = −s± w, a3 = s+ t+ y + ωρ ,

a4 = s+ t− y + ω(1− ρ), a5,6 = −t± x ,
u1,2 = −q ± k, u3 = q + p+ l + rσ ,

u4 = q + p− l + r(1− σ), u5,6 = −p±m,

(4.18)

4.1.2 U(1) gauge symmetry

For U(1) gauge symmetry we need to redefine the operators such that

D(t,p;y, l;w,k) =γ(2)(−i(t+y+w+ωρ)−iω1(p+k+rσ+l);−iω1r,−iω)

×γ(2)(−i(t−y−w+ω(1−ρ))−iω1(p−k+r(1−σ)−l);−iω1r,−iω)

×γ(2)(−i(t−y+w+ωρ)−iω2(r−(p+k+rσ+l));−iω2r,−iω)

×γ(2)(−i(t−y−w+ω(1−ρ))−iω2(r−(p−k+r(1−σ)−l));−iω2r,−iω) .
(4.19)

Obviously, one can again catch the reflection property of the operator such that

D(t, p; y, l;w, k)D(−t,−p; y, l;w, k) = 1 , (4.20)

and similarly
D(0, 0; y, l;w, k) = 1 . (4.21)

Also for the integral-sum operator, we need a slight change such that

M(t, p)z,m;x,j = 1
C(t, p)

[r/2]∑
j=0

ε(j)
∫ ∞
−∞

γ(2)(−i(−t+ z + x)− iω1(m− p+ j);−iω1r,−iω)

× γ(2)(−i(−t+ z + x)− iω2(r − (m− p+ j));−iω2r,−iω)

× γ(2)(−i(−t− z − x)− iω1(−m− p− j);−iω1r,−iω)

× γ(2)(−i(−t− z − x)− iωr(r − (−m− p− j));−iω2r,−iω)

× dx

2r
√
−ω1ω2

,

(4.22)
where C(t, p) has the same definition in (4.17).

As we have demonstrated in the previous section, we can re-group these multipliers
at the right-hand side of the U(1) gauge symmetry integral identity. By using the same
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methodology that was used to re-arrange the parameters of the SU(2) gauge symmetry
integral identity we can write the parameters of the U(1) gauge symmetry integral identity
as follows

a1, b1 = −s± w , a2 = s+ t+ y + ωρ ,

b2 = s+ t− y + ω(1− ρ) , a3, b3 = −t± x ,
u1, v1 = −q ± k , u2 = q + p+ l + rσ ,

v2 = q + p− l + r(1− σ) , u3, v3 = −p±m.

(4.23)

4.2 Star-star relation

We will now be discussing Bailey pairs generated from an initial explicit pair. Noting
that M(t, p)z,m;x,j is an integral-sum operator acting on a sequence of functions fj(x), the
relation (4.4) suggests to start with α(x, j; t, p) = δjnδ(x− u) where n ∈ Z, u ∈ C are new
parameters.

Then, β(z,m; t, p) of the following form

β(z,m; t, p) = M(t, p)z,m;x,jδjnδ(x− u)
:= M(t, p; z,m;u, n) ,

(4.24)

forms a Bailey pair with α(x, j; t, p). From here, we generate new pairs with the Bailey
lemma,

α(x,k; t+s;p+q) =D(s, q;y, l;x,k)α(x,k; t, p) , (4.25)
β(x,k; t+s;p+q) =D(−t,−p;y, l;x,k)M(s, q)x,k;z,mD(s+ t, p+q;y, l;z,m)β(z,m; t, p) .

(4.26)

The relation (4.4) does not give us a particularly interesting result as it yields the star-
triangle relation, which we have used to prove the Bailey lemma

M(s, q)w,k;z,mD(s+ t, p+ q; y, l; z,m)M(t, p; z,m;u, n)
= D(t, p; y, l;w, k)M(s+ t, p+ q;w, k;u, n)D(s, q; y, l, u, n) .

(4.27)

An immediate consequence of (4.27) is the functions α̃(z,m; s, q) and β̃(w, k; s, q) defined
by

α̃(z,m; s, q) = D(s+ t, p+ q; y, l; z,m)M(t, p; z,m;u, n) , (4.28)
β̃(w, k; s, q) = D(t, p; y, l;w, k)M(s+ t, p+ q;w, k;u, n)D(s, q; y, l, u, n) , (4.29)

form a Bailey pair with respect to parameters s ∈ C, q ∈ Z. Applying the lemma once
again, we find

α̃′(z,m;s+c, q+d) =D(c,d;a, b;z,m)D(s+ t, p+q;y, l;z,m)M(t, p;z,m;u,n) , (4.30)

β̃′(x, j;s+c, q+d) =D(−s,−q;a, b;x, j)M(c,d)x,j;w,kD(s+c, q+d;a, b;w,k)
×D(t, p;y, l;w,k)M(s+ t, p+q;w,k;u,n)D(s, q;y, l,u,n) ,

(4.31)
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where a, c ∈ C and b, d ∈ Z are arbitrary. The relation

β̃′(x, j; s+ c, q + d) = M(s+ c, q + d)x,j;z,mα̃′(z,m; s+ c, q + d) , (4.32)

yields a non-trivial integral identity

M(c, d)x,j;w,kD(s+ c, q + d; a, b;w, k)D(t, p; y, l;w, k)M(s+ t, p+ q;w, k;u, n)
= D(−s,−q; y, l, u, n)D(s, q; a, b;x, j)
×M(s+ c, q + d)x,j;z,mD(c, d; a, b; z,m)D(s+ t, p+ q; y, l; z,m)M(t, p; z,m;u, n) ,

(4.33)
which can be recognized as the star-star relation.

4.2.1 SU(2) gauge symmetry

Now we need to construct this identity as an integral form. For constructing bailey pairs’
operators, we will just write the same form of the operators that were used for SU(2) gauge
symmetry. However, we have one more operator

M(t, p; z,m;u, n) = ∆u
n

C(t, p)γ
(2)(−i(−t+ z ± u)− iω1(m− p± n);−iω1r,−iω)

× γ(2)(−i(−t+ z ± u)− iω2(r − (m− p± n));−iω2r,−iω)

× γ(2)(−i(−t− z ± u)− iω1(−m− p± n);−iω1r,−iω)

× γ(2)(−i(−t− z ± u)− iωr(r − (−m− p± n));−iω2r,−iω) ,

(4.34)

where

∆u
n = ε(n)

2r
√
−ω1ω2

1
γ(2)(±2iu± 2iω1n;−iω1r,−iω)γ(2)(±2iu− iω2(r ± 2n);−iω2r,−iω)

,

(4.35)
and C(t, p) is still (4.17).

Then one can write down the parameters as follows:

a1,2 = −c± x , a3 = s+ c+ a+ ωρ , a4 = s+ c− a+ ω(1− ρ) ,
a5 = t+ y + ωρ , a6 = t− y + ω(1− ρ) , a7,8 = −(s+ t)± u ,
u1,2 = −d± j , u3 = q + d+ b+ rσ , u4 = q + d− b+ r(1− σ) ,
u5 = p+ l + rσ , u6 = p− l + r(1− σ) , u7,8 = −(p+ q)± n .

(4.36)

For the right-hand side of the integral identity, we can write the simple equality between
the parameters as follows,

ãi = ai − s, ũi = ui − q, if i = 1, 2, 3, 4 ,
ãi = ai + s, ũi = ui + q, if i = 5, 6, 7, 8 .

(4.37)

4.2.2 U(1) gauge symmetry

For this part, all we need to do is just re-use the operators that were designed to reach the
Bailey pair reconstruction of star-triangle form for the U(1) gauge symmetry.
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Again, we need the following operator for the construction

M(t, p; z,m;x, j) = 1
C(t, p)

ε(n)
r
√
−ω1ω2

× γ(2)(−i(−t+ z + x)− iω1(m− p+ j);−iω1r,−iω)

× γ(2)(−i(−t+ z + x)− iω2(r − (m− p+ j));−iω2r,−iω)

× γ(2)(−i(−t− z − x)− iω1(−m− p− j);−iω1r,−iω)

× γ(2)(−i(−t− z − x)− iωr(r − (−m− p− j));−iω2r,−iω) ,

(4.38)

where C(t, p) still lives as in (4.17).
Then one can write down the parameters as follows:

a1, b1 = −c± x , a2 = s+ c+ a+ ωρ , b2 = s+ c− a+ ω(1− ρ) ,
a3 = t+ y + ωρ , b3 = t− y + ω(1− ρ) , a4, b4 = −(s+ t)± u ,

u1, v1 = −d± j , u2 = q + d+ b+ rσ , v2 = q + d− b+ r(1− σ) ,
u3 = p+ l + rσ , v3 = p− l + r(1− σ) , u4, v4 = −(p+ q)± n ,

(4.39)

For the right-hand side of the integral identity, we can write the simple equality between
the parameters as follows:

ãi = ai − s, b̃i = bi − s, ũi = ui − q, ṽi = vi − q, if i = 1, 2 ,
ãi = ai + s, b̃i = bi + s, ũi = ui + q, ṽi = vi + q, if i = 3, 4 .

(4.40)

4.3 Pentagon identity

We will now consider a different definition of Bailey pairs and its relation to a pentagon
identity on U(1). The discussion will be a slight generalization of [33] (see also [45]) with
discrete parameters.

Definition 4.2. The functions α(x, n; t, p) and β(x, n; t, p) with variables x ∈ C and n ∈ Z
are said to form a pentagon Bailey pair with respect to parameters t ∈ C and p ∈ Z if the
following relation is satisfied

β(x, n; t, p) =
∑
m

∫ ∞
−∞

dz B(t+ x− z, p+ n−m; t− x+ z, p− n+m)α(z,m; t, p) , (4.41)

where B(z1, u1; z2, u2) is defined as in (3.16).

Theorem 4.3. Suppose α(z,m; t, p) and β(x, n; t, p) form a pentagon Bailey pair with
respect to t ∈ C and p ∈ Z. Then, the sequences of functions α′(z,m; t + s, p + q) and
β′(w, k; t+ s, p+ q), w ∈ C, k ∈ Z, defined by

α′(z,m, t+s,p+q) =B(z+ t+y,m+p+ l; 2s,2q)α(z,m; t, p) , (4.42)

β′(w,k; t+s,p+q) =
∑
n

∫ ∞
−∞

dxB(s+w−x,q+k−n;y+x, l+n) (4.43)

×B(s+2t+y+w,q+2p+ l+k;s−w+x,q−k+n)β(x,n; t, p) ,

form a Bailey pair with respect to t+ s and p+ q, where y, s ∈ C, l, q ∈ Z.
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Proof. We need to show the relation defining β′(w, k; t+ s, p+ q) and α′(z,m, t+ s, p+ q)
is satisfied,

β′(w,k; t+s,p+q) =
∑
m

∫ ∞
−∞

dz B(t+s+w−z,p+q+k−m; t+s−w+z,p+q−k+m)

×α′(z,m; t+s,p+q) . (4.44)

Substituting (4.42) and (4.43) for α′(z,m, t+ s, p+ q) and β′(w, k; t+ s, p+ q), we arrive at

∑
n

∫ ∞
−∞

dx B(s+ w − x, p+ k − n; y + x, l + n)

× B(s+ 2t+ y + w, q + 2p+ l + k; s− w + x, q − k + n)

×
∑
m

∫ ∞
−∞

dz B(t+ x− z, p+ n−m; t− x+ z, q − n+m)α(z,m; t, p)

=
∑
m

∫ ∞
−∞

dz B(t+ s+ w − z, p+ q + k −m; t+ s− w + z, p+ q − k +m)

× B(z + t+ y,m+ p+ l; 2s, 2q)α(z,m; t, p) .

(4.45)

Rearrangement of some terms yields

∑
m

∫ ∞
−∞

dz α(z,m; t, p)
∑
n

∫ ∞
−∞

dx B(s+ w − x, p+ k − n; y + x, l + n)

× B(s+ 2t+ y + w, q + 2p+ l + k; s− w + x, q − k + n)
× B(t+ x− z, p+ n−m; t− x+ z, q − n+m)

=
∑
m

∫ ∞
−∞

dz α(z,m; t, p)B(t+ s+ w − z, p+ q + k −m; t+ s− w + z, p+ q − k +m)

× B(z + t+ y,m+ p+ l; 2s, 2q) .
(4.46)

With the choice of B(z1, u1; z2, u2) in (3.16), we see that (4.46) is indeed satisfied with the
following parametrization,

a1 = s+ w, b1 = y, u1 = q + k, v1 = l ,

a2 = ω − (2s+ 2t+ y), b2 = s− w, u2 = −(2q + 2p+ l), v2 = q − k ,
a3 = t+ z, b3 = t− z, u3 = p+m, v3 = p−m.

(4.47)

and we arrive at the pentagon relation (3.17). Hence, β′(w, k; t+ s, p+ q) and α′(z,m, t+
s, p+ q) satisfy the Bailey lemma.

5 Conclusions

We have studied novel Bailey pairs constructed from the 3d N = 2 dual supersymmetric
gauge theories on the lens space S3

b /Zr. The equality of the supersymmetric partition
functions of the dual theories on the lens space leads to non-trivial hyperbolic hypergeo-
metric integral identities. The integral identities have previously been discussed in terms
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of lattice spin models (Ising-like and IRF-type) in statistical mechanics and pentagon iden-
tity as a 2 − 3 Pachner move [28, 31, 32, 41]. In this work, we have constructed Bailey
pairs that generate these integral identities. These Bailey pair constructions allow us to
study the vertex-type integrable models [23], knot invariants [33], supersymmetric quiver
gauge theories [43], etc. One can use the Bailey pair construction to generate integral
identities for supersymmetric dualities. One possible future direction is to examine other
supersymmetric IR dualities in this context.

In the context of integrable lattice spin models, we construct the Boltzmann weights
with two types of spectral parameters,12 and these discrete and continuous types of pa-
rameters are preserved in Bailey pair constructions. It would be interesting to see the
implications of this result.

One can obtain the rational beta integral identities, namely the equality of supersym-
metric gauge partition functions on S2 by limiting r → ∞ in the integral identities for
dualities on S3

b /Zr, see [26, 100]. In this work, we constructed Bailey pairs for the integral
identities with the balancing conditions

∑6
i=1 ui = r and

∑3
i=1 ui + vi = r. Since the limit

r →∞ is problematic for the balancing conditions, it would be interesting to analyze the
limiting procedure in our cases.

Acknowledgments

The authors are grateful to Erdal Catak for the valuable discussions. The authors thank Ole
Warnaar for his helpful comments. Ilmar Gahramanov and Mustafa Mullahasanoglu are
supported by the 1002-TUBITAK Quick Support Program under grant number 121F413.
The work of Ilmar Gahramanov (section 4.1) is supported by the Russian Science Foun-
dation grant number 22-72-10122. Ilmar Gahramanov is also partially supported by the
Bogazici University Research Fund under grant number 20B03SUP3.

A Constructing the Bailey pair for the star-triangle relation

Let us construct the governing equation (4.6) for the star-triangle relation of the operators
and the required identity for the Bailey pairs. We take the following steps. First, we
replace the definitions of the operators on the left-hand side for a particular model. Then,
the specific change of variables makes the integral part of the specific identity. Before
obtaining the right side of (4.6), the integral identity allows us to calculate one of the
integrals on the left. Finally, we call back the old variables to write the right side in proper
operator form. One thing to be careful of is the spin-independent functions in the integral
operator. We will mention it again when it appears in the calculation.

Let’s use the following shorthand notations in the calculations

γh(z, y;ω1, ω2) = γ(2)(−iz − iω1y;−iω1r,−iω)γ(2)(−iz − iω2(r − y);−iω2r,−iω) , (A.1)

where ω = ω1 + ω2 and

γh(±z,±y;ω1, ω2) = γh(z, y;ω1, ω2)γh(−z,−y;ω1, ω2) , (A.2)

Recall that [djx] is defined in (4.16).
12In the literature there are models with two rapidity parameters, see, e.g. [98, 99].
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Let us explicitly show how to equate the star-triangle equation (4.6). If one replaces
the definitions of the operators, then obtains the following at the left-hand side

M(s, q)w,k;z,mD(s+ t, q + p; y, l; z,m)M(t, p)z,m;x,j =

1
C(s, q)C(t, p)

[r/2]∑
j=0

ε(j)
∫ ∞
−∞

[djx]
2r
√
−ω1ω2

[r/2]∑
m=0

ε(m)
∫ ∞
−∞

[dmz]
2r
√
−ω1ω2

×γh(− s+ w ± z,+k − q ±m;ω1, ω2) γh(−s− w ± z,−k − q ±m;ω1, ω2)
×γh(s+ t+ y ± z + ωρ, q + p±m+ rσ + l;ω1, ω2)
×γh(s+ t− y ± z + ω(1− ρ), q + p±m+ r(1− σ)− l;ω1, ω2)
×γh(− t+ z ± x,m− p± j);ω1, ω2) γh(−t− z ± x,−m− p± j);ω1, ω2) ,

(A.3)

where C(t, p) = γh(−2t,−2p;ω1, ω2) in new notations as in (4.17).
One can rewrite equation (A.3) under the given re-parametrization

a1,2 = −s± w, a3 = s+ t+ y + ωρ ,

a4 = s+ t− y + ω(1− ρ), a5,6 = −t± x ,
u1,2 = −q ± k, u3 = q + p+ l + rσ ,

u4 = q + p− l + r(1− σ), u5,6 = −p±m.

(A.4)

Then, (A.3) becomes

=
[r/2]∑
j=0

ε(j)
∫ ∞
−∞

[djx]
2r
√
−ω1ω2

[r/2]∑
m=0

ε(m)
∫ ∞
−∞

[dmz]
2r
√
−ω1ω2

×
∏6
i=1 γh(ai ± z, ui ±m;ω1, ω2)

γh(a1 + a2, u1 + u2;ω1, ω2)γh(a5 + a6, u5 + u6;ω1, ω2) .

(A.5)

One can integrate with respect to z and sum on m by using the integral identity (2.1) and
the result is

=
[r/2]∑
j=0

ε(j)
∫ ∞
−∞

∏
1≤i<j≤6 γh(ai + aj , ui + uj ;ω1, ω2)

γh(a1 + a2, u1 + u2;ω1, ω2)γh(a5 + a6, u5 + u6;ω1, ω2)
[dmx]

2r
√
−ω1ω2

.

(A.6)
If one replaces the parameters (A.4) with their values found before, it is easy to see

that (A.6) turns into

= D(t, p; y, l;w, k)M(s+ t, q + p)w,k;x,jD(s, q; y, l;x, j) . (A.7)

This is the right-hand side of the star-triangle relation (4.6).
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