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On the solution of the operator Riccati equations and invariant
subspaces in the weighted Bergman space of the unit ball
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Abstract. We consider the Riccati operator equations on the weighted Bergman space A2 (B,,) of the unit

ball B, in C" and investigate the properties of their solutions. Our discussion uses the Berezin symbols
method.

1. Introduction and background

Through the paper, B, will denote the unit ball in C". Let v be the normalized Lebesgue volume measure
on B,. For -1 < @ < +00, we denote by v, the measure on B, defined by

dva (2) = ca (1= 12P) dv (2),

rn(!';x:ll)) is a normalizing constant such that v, (B,) = 1. For 1 < p < co, we write ||.||,, for the
norm in L? (B, dv,) and (., .), for the inner product on L? (B, dv,). Recall that the Bergman space A2 (B,,)
is the space of holomorphic functions which are square-integrable with respect to measure dv, on B,. It

is known that (see, for instance, Hedenmalm, Korenblum and Zhu [17]) the reproducing kernel K, and
normalized reproducing kernel k& of the space A2 (BB,) are given by

where ¢, =

1
K (z) i= ——m8m8m
w (Z) (1 _ <Z, w))n+a+1

and

n+a+l

) N (1 _|w|2) 2
ky (2) := W,
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respectively, for z, w € B,. The reproducing property means that

(fKido = f @)
for every f € A2 (B,) and all z,w € B,.. The orthogonal projection P, of L2 (B, dv,) onto A2 (B,) is given by

Cp@) = (KD, = [ FO Ty

Z))n+l¥+1 dva (Z) 4

for f € L* (B,,dv,) and w € B,. Given h € L! (B, dv,), the Toeplitz operator
Ty, : A7 (By) — A (By)

and multiplication operator
My, : A7 (By) — L? (By, dvy)

are defined, respectively, by

f (w) h(w)
(Tnf) (@) = W Vq (W) 1)

n

and
My (f) = hf.

Recall that for a bounded linear operator A on Bergman space A2 (IB,), its Berezin symbol (transform) is
defined by (see [2-5, 9, 15, 17])

A(z) = (Ak, (W), k; (W), z,w € B,.

Since by the Cauchy-Schwarz inequality
A @) < Ak @)k @)l < 1Al

for all z € BB,, the Berezin symbol A is a bounded complex-valued function on B,. The present paper
is motivated mostly by the papers [10, 16]. Namely, in the present article, by using the Berezin symbol
technique, we study the operator Riccati equation

XAX+XB-CX-D=0 )

with coefficient operators A, B,C,D in 8 (Afl (lB,,)).

We also investigate invariant subspaces of a Toeplitz operator on the weighted Bergman space A2 (B,)
in terms of Berezin symbols.

Note that Berezin symbol of operators plays important role in operator theory (see [5, 9, 17]). In
particular, it is important in the characterization of compact operators (see Nordgren and Rosenthal [15]),
including compact Toeplitz operators (see [1, 17], and references therein). The method of Berezin symbols
is motivated by its connection with quantum physics, see Berezin [2, 3].
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2. Riccati equation on the set of Toeplitz operators

For f € L' (B,,, dv,), we define the Berezin transform (symbol) of f to be the function ﬁi.e.,

F@) = f £ (@)K @) dvg ). ©)
B,

If f is bounded, then fis a bounded function on B,,.
According to the definition of Berezin transform, the mean oscillation of f in the weighted Bergman
metric is the function MO (f) (z) defined on B, by (see, [6])

Mo(H) @ = | @ -|Fe -

For z € B, let ¢, be the automorphism of B, such that ¢.(0) = z and ¢, = ¢;!. Thus, we have the
change-of-variable formula

f (2 @) & @) dva () = f I (1) v (@)

B, B,

for every h € L' (B, dv,).
For f € L' (B,,, dv,), the Berezin transform of Toeplitz operator T coincides the Berezin transform of the

function f, that is Tf (z) = f~(z) for all z € B,. For more properties and facts of the Berezin transform, see,
for example, Englis [5], Nordgren and Rosenthal [15] and Zhu [17].
Recall that BMO, := BMO, (B,,) is defined to be the space of functions f such that

”fHBMO[; = S‘?BPMO (f) (2) < +oo.

Let VMO, := VMO, (B,,) be the subspace of BMO, consisting of functions f with

(1F @ - |7ef) o

lim
z—dBy,
Also, we denote by BA := BA (IB,) (see [14]) the space of functions f with
— 2
s =sop ||
z€By

and finally, we define VA := VA (BB,) (see [14]) as the subspace of BA consisting of functions f satisfying
lim |fJ:|E (2) =0.
z—dB,

It is easy to see that if f € VA then f € VMO,. For each f € VA, it can be obtained by Holder inequality that
—_— — 2
|f @) = f |f @) - (@) dvq (w) < [Ifl (z)] < oo,
B,

Recall also that H* = H* (IB,) is the space of holomorphic functions f on B, such that

||fHH«>o = SSBP ‘f (Z)l < +o0.
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For a function ¢ € BMO; (B,,), we define the Toeplitz operator T,, with symbol ¢ on A2 (B,,) by
f@) e @)

—  dv, 1
) T (w) (see (1))

Tof = Pa(@f) =

for all f € A2 (B,). For more information about Toeplitz operators, the reader can find, for example, in
[1,5,7,12,13,17].

For ¢ € H*, T, is just the operator of multiplication by ¢ on the space A% (B,), i.e., Tpf = ¢f, f € A% (B,).
Then we have that

(Toke, ) = (K Tof) = 2,0 f)
= (pf, k) = (9H @ = (9 @K, f),

hence, TOkZ = ¢ (z)k? for all z € B,
In this section, we study Riccati operator equation (2) on the set of Toeplitz operators T, € 8 (Aﬁ (]B,,))

in terms of Berezin symbols, which firstly studied by Karaev [10] in the Hardy Hilbert space H? (D) over
the unit disc ID of C. In the sequel, this approach attracted attention of several authors in [7, 8, 11, 12, 14].
The following extension of Englis’s result, [5], is essential in what follows, so, we start with the proof of the
following auxiliary lemma.

Lemma 2.1. Let ¢ € VMO, (B,). Then
Zl_i)g%n ”T(Pk? - (F(Z) k?||A§(]B”) = 0.
Proof. Indeed, it is easy to see that
Tk -3 (2) k§||jg w) = (Tok =P @K, Tykt - G (2) k)
= T k| - $ @) Tkt k) - & (2) (K2, T k) + |G )
Since Ff(p (z) = ¢ (z), we have

T(pk[z%”2 - |(’ﬁ(z)‘2 .

”T@kg -9 (2) kg”ig(]sn) = |
On the other hand,

”T(Pk?HZ = |P“ (<Pk?)||2 s “@kg”izaBﬂ,dva) = Mz (@).

Then

Tk - 5@ K|, <ol @ - PG

For ¢ € VMO,, we have

|(p)2 (z) - )5 (z)|2 — 0, z = JB, non-tangentially,
which proves the lemma. [

In next theorem, we consider the case that Toeplitz operator is a solution of the Riccati equation (2) on
the space A2 (B,).
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Theorem 2.2. Suppose that B = T;,, C = Ty such that ¢,y are nonconstant functions on H*, and let A and D be

bounded linear operators on A% (B,,). If h € VA (B,) and the corresponding Toeplitz operator Ty, is a solution of the
operator Riccati equation (2), then

Jim (A@# @) +(p@) -y @)h@ -D@)=0. )

Proof. In fact, since T}, is a solution of equation (2), then

TyAT), + Ty T, = TyTy — D = 0.
Then, [ThATh + TyT;, = Ty Ty — D]~ (z) = 0 for all z € B, that is

((TWAT), + TyT;, - Ty Ty - D) K&, k&) = 0, ¥z € B,
Therefore

0 = (TRATWkS, K2 + (T Toke, k&) = (T, Tyke, k&) — (DKE, k<)

= (AT)kS, THkE = T, () K2 ) + Ty (A) (AT kS, k)
+ (T (T = Toy (V) KE), K2 ) + T, (2) T (2)
~(Ty (Tukt = T )K2) k) =Ty W) Ty (2) - D )
<AThk“, Tk = T; (V)2
Ty ) [{A (Toke = Ty (D) KE), K2 ) + T (D) A (2)

<T* ke = Ty (AVKE, Thke) + Toy (D) Ty (2) — (Toke = Ty (A) K2, T k2)
~Ty () Ty (2) - D(2)
=[A@r @ +(p@ -y @)h@-D
+ (@) (Tak = 1 (2) K, AKE) + (@ (@K — (2K, Tk,

@]+ <AThk§, Tk~ h(z) kg>

which by Lemma 2.1 yields

Tk — bk

4@ @) +(p@ -y @)@ - D@ < AT

+HITIAN|Tk -7 @) k|| > 0asz - B,

This implies the desired assertion (4), which proves the theorem. [

Corollary 2.3. Suppose that the limits A (&) := lim,_,p, A (z) and 5(5) = lim,_,jp, B(Z) exist for almost all
points & € dB,,, and verify

(7@ - ©) +44()D() =0 (5)
for almost all points & € dB,,. Let h € VA (By,). If Ty, is a solution of Riccati equation (2), then

lim K2 (z) = D (5)
z—E&edB, A (é)

for almost all £ € IB,,.
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Proof. Indeed, since T}, satisfies equation (2), we have obtain by Theorem 2.2 that

(AP @+ (9@ -yE@)iE-D@)=0.

lim
z—dB,

Further,

lim AG) [ﬁz () + LE V@G, _AQ@D (Z)}

A (Z) ;{2 (Z)
0 2) — 2
- lim A@|R @+ POV @50, (p@-v@)
o A() 472 (z)
N 2
= lim A (z)(ﬁ(znw} o
z—0dB, 24 (2)

In particular,

im 2 LO-e@
z—&edB, 2A (5)
hence we have that
lim 2 (z) = _D©
2—E€dB, A(S)

for almost all & € JB,;, as desired. [

3. Invariant subspaces of compact Toeplitz operators on A2 (B,)

Note that the solvability of the Riccati operator equation in concrete operator classes is an important
problem of operator theory in the Hilbert space H. For example, the existence of a nontrivial solution of
equation (2) for fixed A € B(H), B=D = 0 and C = A on the set $;, of all orthogonal projections P € B (H)
is equivalent to the positive solution of the famous Invariant Subspace Problem in the infinite dimensional
separable complex Hilbert space, since TE C E if and only if

(I-Pg)TP: =0, (6)

where Pr : H — E is an orthogonal projection onto the closed subspace E C H. In this section, we discuss
the structure of invariant subspaces of Toeplitz operator T on the weighted Bergman space AZ (B,) in terms
of Berezin symbols.

For any p > 1, VMO, denotes the subspace BMO/, consisting of functions f such that

lim ||f o . - f(z)Ha,p = 0.

z—dB,

The following theorem is contained in [6].

Theorem 3.1. ([6]) Suppose f € VMO and |f) / (1 = [2))*"**Y is bounded on the unit ball B,,. Then Ty is compact
operator on A2 (By,) if and only if f (z) = 04asz — JB,,.

Our next result is the following.
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Theorem 3.2. Suppose f € VMO), |f|/ (1 - z))*"***" is bounded on B, and f(z) > 0asz — JB,. Let
E C A2 (By) be a closed subspace of A2 (By,). If T,E C E, i.e., E is invariant under the Toeplitz operator Tg, then

asz — dB,, ()

|(TfK?rE) (2) - f(z) K?,E (z)| —0 ((1 3 |Z|2)—(n+a+1))

where K& denotes the reproducing kernel of the subspace E, which is equal PEK2.

Proof. Suppose T¢E C E. Then it means that (I — Pg) T¢Pg = 0, and hence PET¢Pr — TfPr = 0, thatis Pr is a
solution of equation (6) where T = Ty. It is then clear from the above equality that

T¢Pr (z) - PET;Pg () = 0
for all z € B,,. So, we have that

0 = (Peke, Tyke) — (TPek?, Peke)

= (Peke, Tk -7 k) + 15;*(2) (KeF, K2) - K;(Z) (T/KSF, KEF).

By considering that T(E C E, and therefore Tfo’E € E, we have that
(TrKe®, KEF) = (1K) @)
for all z € B,,. On the other hand, we obtain from Theorem 3.1 and the Cauchy-Schwarz inequality that

lim L
z—&eoB, K¢ (2)

= dim (1-1P)" |(1ke5) @) - FR KeE )

(T7k2%) ) - Fo K2F (o)

z—E&edB,
- i, [P e T k)
< T L f o
= z—}i(g}]B,, ”PEkzaH 'Tsz f(Z) kz

1
< lim (Tj - Flk, Tk - Flk)

z—&edB,,

= lim (“T7k§ g | (z)|2)1/2 (since TkY — T (2) KX LK for any T € B(AZ2 (B,))).

z—E€dB,

Since lim,_,p, f (z) = 0, by Theorem 3.1, T is compact on AZ(B,). On the other hand, the normalized
reproducing kernel k% converges weakly to 0 as z tends dB,,, and therefore ||T?kfzX — 0asz — JB,. Thus,

we deduce from the latter inequality that

tlim (1-P) (1K) @ - Fa ke @) =0

which gives (7). The proof is completed. [
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