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SOME PROPERTY FOR ANISOTROPIC RIESZ
POTENTIAL, ASSOCIATED WITH THE
LAPLACE-BESSEL DIFFERENTIAL OPERATOR

Abstract

In this paper we consider the generalized shift operator, generated by the

n
Laplace-Bessel differential operator Ag, = > % + B, B, = wQ + X
k=1 "k

Ty awn

~v > 0. The main purpose of this paper is to investigate the behaviour of Riesz
potential (B,-Riesz potential), generated by the Laplace-Bessel differential op-
erator Ap_. We study the anisotropic B,-Riesz potential in the anisotropic
B,,-BMO spaces.

The classical Riesz potential, an important technical tool in harmonic analy-
sis, theory of functions and partial differential equations. The maximal function,
singular integral, potential and related topics associated with the Laplace-Bessel
differential operator

n—1
H? H? v 0
Ap =S L 4B, Bi=24+ 12 4s0
B Z@xi+ " " 8x%+xn 0z, i

have been the research areas many mathematicians such as B.Muckenhoupt and
E.Stein [1], I.Kipriyanov and M.Klyuchantsev [2, 3], K.Trimeche [4], L.Lyakhov [5],
K.Stempak [6, 7], A.D. Gadjiev and I.A. Aliev [10, 11], I.A. Aliev and S. Bayrakci
8, 9], I.Ekincioglu, A.Serbetci [12], V.S.Guliyev [13]-[16] and others.

In this paper we consider the generalized shift operator, generated by the Laplace-
Bessel differential operator Ap_ by means of which anisotropic Riesz potential (B,,-
Riesz potential) is investigated. We study the anisotropic Bj,-Riesz potential in the
anisotropic B,-BMO spaces.

Suppose that R™ is the n-dimensional Euclidean space, x = (z1,...,z,) are

vectors in R". Let R} = {z € R" ; & = (¢/, ),z > 0}, |z] = (31, x?)l/Q, v >0,
0= (a1, a) € (0,00)", Ja] = X0 ai, ala = (3 aaf®) ', By (o) = {y €
R% |z —yla <7}

For measurable set £ C R% let |E|, = [paldr, then |EL(0,7)], =
= w(n,vy)rldtren where w(n,v) = Je, (0.1 Tnda.

Denote by TV the generalized shift operator (B,—shift operator) acting according
to the law

Tyf C / l’myn)ﬁ) Sinfy_l ﬁdﬁ7

1
where (xnv yn)ﬁ = \/,CU?,L -+ y% — 2$nyn COS 57 Cr\/ = I‘l—;(;_‘_(Q ))
2
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We remark that generalized shift operator TV is closely connected with the Bessel
differential expansions B,, (for example, n = 1 see [18] and n > 1 [19] for details).

For a fixed parameter v > 0, let L, (R’) be the space of measurable functions
on R with finite norm

£ = £y = ( /.

1/p
\f(x)\px%dx) . 1<p<oo.
+

At p = oo the spaces Lo (R’ ) are defined by means of usual modification
1Ly = ISl Lo = esssuplf(z)].
z€ERTY

The translation operator TY generates the corresponding B,-convolution

(f@g)(x) = - FW)TY f(@)lydy,
+
for which the Young inequality
1 1 1
Hf®g||r;y§ Hpr;yHqu,m/7 1§p7Q7r§007 E—ng;—'—l

holds.

Lemma 1. [11] Let 1 < p < oco. Then for all y € R

Yyr(.
IO, < I, - (1)

Definition 1. Let 1 < p < co. We denote by WLy, ,(R") weak L, spaces the set
of locally integrable functions f(x), x € R, with finite norms

1
17w, = sup r[{z € BY - 17@)| >}
Definition 2. [13/ We denote by BMO~ ,(R") B,~-BMO spaces the set of locally

integrable functions f(x), x € R, with finite norms

[0 = sup !E+(0,7“)|§1/E 0 )!Tyf(l‘) = fe 0n(@)lyTdy < oo,
4+ Y,

r>0,xERi

where fE+(0,r) () = |E4(0, 7’)’;1 fE+(D,r) TY f(x)y dy.

In [13] was investigate the L, boundedness of the anisotropic B, -maximal
operator

M, f(z) = sup | 4 (0,7)] " / T\ £ () ) dy.
r>0 E+(0,'f‘

Theorem 1. 1.If f € Ly, (R"), then M, f € WLy 4(R"%) and

HA4&fWhVL1q S;(j”fHLlﬂ7

where C' is independent of f.
2. If fe Lpy(RY), 1 <p< oo, then M, f € L,,(R") and

”M'YfHLp,’y S Cp77||f||Lp,7’
where Cp 4 is dependent of p,y and n.



Some property for anisotropic Riesz potential

Consider the anisotropic B,—Riesz potentials
R3f(@) = [ Tl 0 fids, 0 < a <ol +1a,
+

and the modification of anisotropic B,—Riesz potentials

R fa) = |

where £ (0,1) = RT\E,(0,1).
For anisotropic B,,—Riesz potentials the following generalized Hardy—Littlewood—
Sobolev theorem is valid (see [17]).

(T¥lals ol — a1 e o), () £y

n
+

Theorem 2. [17] Let 0 < a < |a| + vay,.

+yan
[flap<libie 11— o fer, (R?), then I2f € Loy (R}) and
RS F L, , < Conallfllz, (2)

where Cy, is independent of f.
If fpe Llﬁ(]lg?r), é :flf— Wrﬁ’ then RSf € WLy~(RY) and the following
mnequality holds
18 s, < OISl ®)
where C' is independent of f.

Theorem 3. Let 0 < a < |a| + yan.

lal+yan oy 1 1 _ :
If 1 < p < =", then the condition i W is necessary for the
equality to be valid.
If p =1, then the condition 1 — % = |a\f’yan 1s mecessary for the inequality to

holds.

Lemma 2. Let 0 < a < |a| + yay,. Then there exists constant Cy > 0 such, that

’Ty\xlé""“"”“” — lylg~lmen ) < Culyla T el (4)

Jor 2[z]a < |yla-
Proof. Let’s show that

T afg el — [yl

< Cy /07r (@ =3/ @y gn)s) |27 = Jylalelen sind = g,
First estimate
(2" = o/ @y a)g) |70 = Jyjotel e
By the theorem about mean value we get
1@ =, @asy)g) ;770 =yl

S H(xl - y/7 (xna yn)ﬁ) }a B ’yH ' ga_‘a|_7an—1
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where

min {] (&'~ /. (2 0)s), I} < € < ma {] (2" — o/, (@0, 9)9) - 9l

Note that
/ / 3
‘(aj - Y, (xnvyn)ﬁ)}a S |CC|a + |y|a S §’y|a7
1
‘(xl -, (xnvyn)ﬁ) }a > |z = yla > |yla — |z]a > §’y|a
and
}(xl -y, (xn,yn)3)|a —Yla <zla + |Yla = [Yla < |7la
1Yla — ‘(33/ -, (JTmyn)ﬁ) ‘a <|yla = |2 — yla < |2]a
Hence
1 3
§|y’a < (:L'/ - y/a (xmyn)ﬂ)‘a < §|y’a7

H(lj - y,7 (xnayn)ﬁ) }a - |y|a‘ < |l‘|a
Thus we obtain .
__ la]4+~an n
Theorem 4. Let 0 < a < |a| + vyan, p = =22, f € Ly (R}).

Then RS f € BMO. 4 (R%) and

|Rer < Clflzy

‘BMOWZ
where C' is independent of f.
Proof. Let f e Ly, (Ri) . For given ¢t > 0 we denote

fi@) = F(@)xp, 020 (), folz) = f(2) = fi(e),

where X, (0,2¢) I8 the characteristic function of the set £ (0,2t). Then

R f(z) = Fi(x) + Fy(x).

where

Fi(z) = / (e P S N ) L
E.(0,2t)

Fy(z) = / (Tylac\?"“"”“” - !y\;""“"”“"XE;(o,l)(y)) F)yydy
R\ E4(0,2¢)

Note that the function f; has compact (bounded) support and thus
— / s )y
E1(0,2t)\E4 (0,min{1,2t})

is finite.
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Note also that

Fi(z) —a) = / (T |l =70 £ () dy
E.(0,2t)

- e e
E4(0,20)\ B4 (0,min{1,2¢})

+ / el £ () dy / (T o120 £ () dy.
E1(0,2t)
E4(0,2t)\E4 (0,min{1,2t})
Therefore

|Fy(2) — a] < / TV|zjo=lal=10n | £ (4) [y dy
E4(0,2¢)

/ ol T | ) iy
{yeR T x|, <2t}

Further, for |z|, < t, TY|z|, < 2t we have

‘y|a < |3§‘|a + |33 - y|a < |x|a + Ty|x|a < 3t.

Consequently
B —al < [yl f@)] iy, (5)
E4(0,3t)

By the Theorem 1 and (I)), () for ap = |a| + va,

B0 [ (1Rie) il 5ds
E+(0’t)

<IEOO [ TR - a2
E+(07t)

< B4 (0,0)] ! / ( / yws-a'-WTyTZ\f@)\yzdy) dz
EL(0,t) E.(0,3t)

1/p
< ot~lal=van  gor yllal+ran)/pf / (M., (T?| f(2))))P 2} dz
E+(07t)

< G IT*1 £z, mny < Coll Fllzy () (6)
Denote
az = / [yl f ().
B (0,max{1,2¢})\ E4 (0,2¢)

Let’s estimate |F () — as].

)] [Tl — fyjalel=mn | yray.

Fafa) - o] < |

R7\E4(0,2t)
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Applying Holder’s inequality we have

|Fy(z) — aa] < Clela / F@)llylelean Tty <
R\ E4 (0,2¢)

1/p
< Clz|, ||f||Lm </R"\E o |y‘gozf\a|*'mn—1)p yldy> <
+ + El

_1_laltvan .
< Clzlq t° 7l < Clala 7 1L,

Note that for |z|, < t, |z|, < 2t, it takes place that T%|z|, < |z|, + |z]s < 3t.
Thus for ap = |a| + vya, we obtain

T*Fy(x) — az| < T? |Fy(w) —az] < CT|ala t7 || fllL,, < C lIflL,,.  (7)

Denote
af = a1+ ag
Finally, from @ and we have

1 / ~
Sup ———— ‘TyRaf x)—a
P TE OO, Jono || T T

yndy < Ol £l 13-

Thus

‘Ty]?if;f(a:) —ay

ygdy < CHfHLPV’Y'

< 2sup

Re f‘ S /
TN BMO, o (RY) et [E+(0,0)], JE, (0)

The theorem has been proved. O

Corollary 1. Let p = 9% ¢ e [ (R™).
If integral RS f exists everywhere, then RSf € BMO., o(R%) and the inequality

HRngBMO%a S C”f”LPw

1s valid.
In the isotropic case (a.e. a; =ag =...=a, = 1) for the B,—Riesz potentials

1@ = [ Tl @y, 0<a<n+y

RZ

and the modification of B,—Riesz potentials

i@ - |

we have the following corollaries
Corollary 2. Let 0 < a<n+~,p="2 fe Ly~(RY).

Then I%f € BMO, (R}) and

L R P () B (O A

n
+

I f

oo, < Ol
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where C' is independent of f.
Corollary 3. Let p = %, feLy,(RY).
If integral I f exists everywhere, then ITf € BMO,(R?) and the inequality

HI"O/lfHBMO.Y S CHfHLPﬂ/

is valid, where C' is independent of f.
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