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S.Azakov 1∗, H.Joos 2† and A.Wipf 3 ‡

May 19, 2011

1Inst. of Physics, Azerbaijan Academy of Sciences, H.Cavid ave.33, Baku 143, Azerbaijan
2DESY, Notkestrasse 85, D-22603 Hamburg, Germany
3Theor.-Phys. Institut, Universität Jena, Fröbelstieg 1, D-07743 Jena, Germany

Abstract

The Witten-Veneziano relation between the topological susceptibility of pure gauge
theories without fermions and the main contribution of the complete theory and the
corresponding formula of Seiler and Stamatescu with the so-called contact term are
discussed for the Schwinger model on a circle. Using the (Euclidean) path integral
and the canonical (Hamiltonian) approaches at finite temperatures we demonstrate
that both formulae give the same result in the limit of infinite volume and (or) zero
temperature.

The Witten–Veneziano relation (WVR) [1, 2] plays an important role in identifying topo-
logical excitations in gauge theories with fermions. It relates the topological susceptibility
of pure gauge theory without fermions to the main fermionic contributions of the complete
theory. Since in the general derivation some approximations are involved, it is by educational
reasons worthwhile to study models in which the WVR is exact. We choose the Schwinger
Model (SM) [3, 4]. However, a correct treatment requires to start with the SM on a compact
space, and to consider the infinite space-time limit only at the end.

According to Witten and Veneziano for the SM the following formula

m2
η′ =

4

|f1|2
χ

(0)
top (1)

should hold. Here mη′ is a mass of the U(1) pseudoscalar ”η′ meson”, f1 is its decay

constant, and χ
(0)
top is a topological susceptibility in pure U(1) theory. For the SM we have

mη′ = m = e√
π

and f1 = i√
π
, i.e. the ”massive meson” of the SM is identified with η′ particle.

Seiler and Stamatescu [3] reanalyzed the WVR in Euclidean space-time and their final
result, applied to the SM, reads

m2
η′ =

4

|f1|2
P (0)(0) . (2)
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The topological susceptibility of pure gauge theory in the WVR has been replaced by the
contact term P (0)(0) of the two point function of the topological charge density in the theory
with massless fermions. In their work they calculated P (0)(0) and showed that formula (2)
really holds.

We calculate in the present work χ
(0)
top and P (0)(0) for the SM on the Euclidean torus, and

χ
(0)
top(0) on a circle at finite temperature. Finally, we show that at finite temperature (1) and

(2) are correct and that they agree in the limit of infinite volume and (or) zero temperature.

1 Euclidean path integral approach on the torus

The topological susceptibility χtop in the theory on the two-dimensional Euclidean torus T
(with circumferences L1, L2 and volume V = L1L2) is defined as follows

χtop =
∫

T
〈q(x)q(0)〉 d2x , (3)

where q(x) is the topological charge density

q(x) =
e

2π
F12(x) ≡

e

2π
E(x) (4)

and ∫

q(x) d2x =
e

2π

∫

E(x) d2x = k , k ∈ Z (5)

is the integer-valued topological charge or instanton number in the two-dimensional U(1)
gauge theory, E(x) = ∂1A2(x)−∂2A1(x) is the field strength. Here and below the spacetime-
integrals extend over the torus T . From Eqs (3) and (4) we obtain

χtop =
e2

(2π)2

∫

〈E(x)E(0)〉 d2x . (6)

The expectation values 〈O(A)〉 of an operator O(A) which depends only on the gauge field
Aµ(x) are different in the theory with fermions, e.g. the SM, and in the pure electrodynamics
on the torus. After integration with respect to fermions in the SM we have [5, 6, 7, 8]

〈O(A)〉 =
1

Z

∫

A0

DA det D/A O(A)e−
1

2

∫

d2xE2(x) , (7)

where D/A is a Dirac operator in the external electromagnetic field. As a consequence of
the index theorem, there are zero modes in the sectors with instanton number k 6= 0 [9].
Therefore the renormalized det D/A is unequal to zero only in the trivial sector A0 of the
gauge field configurations with vanishing topological charge. Z is the partition function in
this theory

Z =
∫

A0

DA det D/A e−
1

2

∫

d2xE2(x) . (8)

In pure gauge theory (where expectation values will be denoted by 〈· · ·〉0) all instanton
sectors contribute to the expectation value 〈O(A)〉0:

〈O(A)〉0 =
1

Zg

∑

k∈Z ∫Ak

DA O(A)e−
1

2

∫

d2xE2(x) (9)



and the partition function reads

Zg =
∑

k∈Z

∫

Ak

DAe−
1

2

∫

d2xE2(x) . (10)

In both theories in the sector Ak with topological charge k the gauge potential has the form

A(k)
µ (x) = A(0)

µ (x) + C(k)
µ (x) , (11)

where A(0)
µ (x) is a single valued ”continuous” function on T and C(k)

µ (x) is a global instanton-
type potential which in the Lorentz gauge reads

C(k)
µ (x) = −

πk

eV
ǫµνxν . (12)

For A(0)
µ (x) we may use the Hodge decomposition

A(0)
µ (x) = ∂µa(x) + tµ + ǫµν∂νb(x) , (13)

where ∂µa(x) is pure gauge, tµ is a (constant) toron field restricted to the dual torus 0 ≤ tµ ≤
Tµ ≡ 2π/eLµ, ǫµν∂νb(x) is a curl and a(x) and b(x) are continuous on T and orthogonal to
the constant functions:

∫

a(x) d2x =
∫

b(x) d2x = 0 (on the torus the Laplacian ✷ ≡ ∂2
1 + ∂2

2

is invertible only on functions which integrate to zero).
So the path measure in Eqs.(7) - (10) has a form

∫

DA · · · =
∫

Db
∫

Da
∫ T1

0
dt1

∫ T2

0
dt2 · · · . (14)

The two-point function 〈E(x)E(y)〉 has been calculated in the SM on the torus [5, 8] with
the following result:

〈E(x)E(y)〉 = δ(x − y) − m2Gm(x − y) , (15)

where δ(x) is the δ-function on the torus and

Gm(x) =
1

V

∑

n1,n2

e2πi(n1x1/L1+n2x2/L2)

m2 +
(

2π
L1

)2
n2

1 +
(

2π
L2

)2
n2

2

(16)

is the Greens function of massive scalars on it. From Eqs.(6) and (15) we see that the contact
term is

P (0)(0) =
e2

4π2
. (17)

As is generally true in gauge theory with massless fermions, the topological susceptibility
χtop vanishes in the SM and therefore the relation (2) holds.

Now let us calculate the two-point function 〈E(x)E(y)〉0 in pure electrodynamics. Using
the decomposition Eq.(13) we get for the field strength

E(x) = −✷b(x) +
2πk

eV
(18)



and for the action

1

2

∫

d2xE2(x) = πτk2 +
1

2

∫

d2x b(x)✷2b(x), τ = 2π/e2V. (19)

Then

〈E(x)E(y)〉0 =
(

2π

eV

)2 ∑ k2e−πτk2

∑

e−πτk2
+

∫

Db✷b(x)✷b(y)e−
1

2

∫

d2x b(x)✷2b(x)

∫

Db e−
1

2

∫

d2x b(x)✷2b(x)

=
(

2π

eV

)2 ∑ k2e−πτk2

∑

e−πτk2
+ δ(x − y) −

1

V
, (20)

where one sums over all k ∈ Z. The presence of the last term in Eq.(20) is due to the fact
that b(x) does not have a zero mode since it integrates to zero. From Eqs(6) and (20) we
get for the topological susceptibility in pure electrodynamics

χ
(0)
top =

1

V

∑

k2e−πτk2

∑

e−πτk2
. (21)

In pure electrodynamics all instanton sectors contribute to the topological susceptibility.
This remains true in infinite volume limit, as we shall see below.

Using the definition of the Jacobi’s θ3 function [12]

θ3(z|τ) =
n=∞
∑

n=−∞
e−τπn2+2πinz (22)

we may rewrite Eq.(21) in their terms:

χ
(0)
top = −

1

4π2V

θ′′3(0|τ)

θ3(0|τ)
. (23)

2 Topological susceptibility in pure electrodynamics

on a circle

Pure electrodynamics in two dimensions is defined in a non-trivial way only on a compact
space where it has non-trivial gauge invariant solutions. Therefore we consider it again on a
circle with circumference L1. Manton [10] was the first who considered pure electrodynamics
on a circle and showed that in this model there is not a unique canonical quantization,
because the representation of the electric field operator contains an arbitrary real parameter
θ. The Hamiltonian has eigenvalues: Ek = 1

2
L1e

2 (k + θ/2π)2 , k ∈ Z. In this theory the θ
angle (the fractional part of θ/2π) is a relevant parameter and different values of θ separate
different worlds. It corresponds to the famous θ angle of SU(n) gauge theories. In contrast,
as in the case of quantum chromodynamics with massless fermions [11], in the SM the angle
θ plays non physical role.

The topological susceptibility in this case reads

χ
(0)
top(0) =

1

L1

∂2F (θ)

∂θ2
|θ=0 , (24)



where F (θ) = − 1
β

log Z(θ) is the free energy and Z(θ) the partition function at temperature

T = 1/β:

Z(θ) =
∑

k

e−βEk(θ) =
∑

k

e−
1

2
βL1e2(k+θ/2π)2 . (25)

From Eqs.(24) and (25) it follows that

χ
(0)
top(0) = −

1

L1β

Z ′′(0)

Z(0)
=

e2

4π2

(

1 − βL1e
2

∑

k2e−
1

2
βL1e2k2

∑

e−
1

2
βL1e2k2

)

. (26)

Now we can use the following transformation formula [12] between θ3-functions of zero ar-
gument

θ3(0|τ) =
1

τ
θ3

(

0| − 1/τ
)

, (27)

and prove that

χ
(0)
top(0) = χ

(0)
top , (28)

if we take β = L2. Thus the path integral approach and canonical approach give the same
result for the topological susceptibility.

A systematic comparison between the Hamiltonian approach for the SM on a circle and
the Euclidean path integral approach on the torus was done in the forthcoming paper [13].
There it is shown how to obtain Eq.(15) within the Hamiltonian approach.

3 The infinite volume limit

In order to consider the limits of infinite volume (L1 → ∞) and/or the zero temperature
(L2 → ∞) we will use the following expansion [14]:

θ′′3(0|τ)

θ3(0|τ)
= −

2π

τ
−

8π2

τ 2
e−π/τ (1 − 2 e−π/τ ) + · · · (29)

Then from Eq.(23) we find

χ
(0)
top =

e2

4π2
+ · · · , (30)

where · · · are terms which disappear if at least one of circumferences Li tends to infinity.
Thus we have shown that in this cases the topological susceptibility (23) agrees with the
contact term (17).
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