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Abstract

Thermal properties of the ordered phase of the spin 1/2 isotropic Heisenberg Antiferromag-
net on a d-dimensional hypercubical lattice are studied within the fermionic representation
when the constraint of single occupancy condition is taken into account by the method sug-
gested by Popov and Fedotov. Using saddle point approximation in path integral approach we
discuss not only the leading order but also the fluctuations around the saddle point at one-loop
level. The influence of taking into account the single occupancy condition is discussed at all
steps.

PACS.75.10.-b General theory and models of magnetic ordering - 75.10.Jm Quantized spin sys-
tems -75.50.Ee Antiferromagnetics

1 Introduction

The two-dimensional spin-1/2 Heisenberg antiferromagnet (HAFM) on the square lattice has been
extensively studied during the last few years. The motivation for this study stems from the
discovery of high T, superconductivity in the ceramic compounds, where the competition between
superconductivity and antiferromagnetic order has been observed experimentally ]

Contrary to early suggestions there is nowdays strong evidence that the ground state of the
fully isotropic quantum spin -1/2 HAFM on a two dimensional regular lattice is the Néel state (the
classical ground state (the Néel state) is not disordered by quantum fluctuations.).

This evidence is mainly based on numerical work [E] Recently it has gained an additional sup-
port by results obtained analytically with the help of various techniques e.g. large spin expansion,
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field theory of the quantum nonlinear o -model [, effective Hamiltonian approach [E], a modified
mean field approach (saddle point approximation) based on bosonic @] or fermionic representations
[ﬂ] of spin operators.

The main problem in the technique based on these representations is to take into account the
so-called single occupancy condition.

The aim of this work is to study the thermal properties of the ordered (magnetic) phase of
the spin 1/2 isotropic HAFM on a d-dimensional hypercubical lattice EI with periodic boundary
conditions within the fermionic representation when the constraint of single occupancy condition
is taken into account by the method suggested by Popov and Fedotov [ﬂ] We use saddle point
approximation and discuss not only the leading order but also the fluctuations around the saddle
point at the one-loop approximation level. We show that at zero temperatures one-loop corrections
to the saddle point in our path integral description is equivalent to next-to-leading order in the
linear spin wave theory. At all steps we discuss the influence of taking into account the single
occupancy condition comparing the results of our calculations with those when this condition is
disregarded. In particular we show that at finite temperatures taking into account the single
occupancy condition considerably reduces the specific heat.

For T' # 0 the two-dimensional spin system has no long range order (the Néel state is destroyed
by thermal ﬂuctuations)[ﬂ] and its state has to be treated as a paramagnetic one with strong
antiferromagnetic correlations at finite distances. So our finite temperature results are relevant for
the case when d > 3 and T' < T, where Ty is the Néel temperature.

In Sec.2 we briefly review the fermionization procedure of spin operators by the method of
Popov and Fedotov.

In Sec.3 we discuss the mean field result (the leading order of the saddle point approximation).

In Sec.4 we obtain the one-loop corrections (Gaussian fluctuations) to free energy and show
that one can get the spin wave spectrum at zero temperture. We also find the specific heat and
discuss the influence of the single occupancy condition on its temperature dependence.

The last section is devoted to brief comments on our results.

2 Fermionization by Popov and Fedotov’ s method and bosonic
path integrals for the partition function.

The Hamiltonian of the isotropic HAFM reads
Ho=7> 88, (1)
(4.9)

the sum runs over ordered nearest neighbor sites of the d-dimensional finite regular lattice with M
sites. For spin variables S; we assume periodic boundary conditions, J > 0 .

Many authors have proposed to use different representations of spin operators by Bose or Fermi
operators. However, the fact that the dimensionality of the space in which these operators act is
always greater than the dimensionality of the space of spin operators leads to the problem of the
elimination of the superfluous states. Usually it is done by putting some constraints on the states.

1 For simplicity we consider a simple hypercubical lattice though our approach may be also used for a non-bipartite
lattice



In the present paper we choose fermionic representation of spin operators

Lot Gaptin anf=1(1).2(), 2)

si:—,
21(1

the summation with respect to repeated Greek indices is assumed, o = (0%, 0Y,0%) are the Pauli

matrices, and if we use this representation in the spin Hamiltonian H, we shall get the fermionic
Hamiltonian: 7
- t R .
Hrp =+ > (daoaptio) (@], oy6)0) (3)
<i,j>
Cio, and é;fa are fermionic annihilation and creation operators (at site ¢ with spin projection « to
the z axis), which obey canonical anticommutation relation

{Ciar 15} = 01 j0ap.
Popov and Fedotov [f]] proved that the partition function of the model (1)
7 = 'I‘I’Ag(eiﬁﬁs) (43’)

can also be written as L
Z = iMTrp (e PHF=IZN), (4b)

In these formulas Trg(Trp) is a trace in space where spin (fermionic) operators act, N =

Mt M . .
Y icq CloCia = Y ;1 My is the number operator.

Let us briefly repeat their arguments. It is sufficient to consider only one site (we omit the site
index). For spin 1 5, Spin operators S’“(a = x,y,2) act in two dimensional space. But the space
where fermionic operators act is four dimensional; we have states

|070>7 éT|070> = | T70>7 éi|070> = |07 l>7 é¥CI|0,0> = | T7l>

States | 1,0),]0,]) can be identified with eigenstates of $* operator with spin up and spin
down , we call them physical and denote |phys). Then states |0,0) and | 1, |) are superfluous or
unphysical and their contribution should be excluded.

The physical states span a two-dimensional physical subspace, characterized by the single oc-
cupancy condition

nlphys) = [phys).

The direct product of the physical subspaces of all the sites form the sectors in which the
Hamiltonians Hs and H F coincide.

In order to prove the basic formula Eq(@) we write

E[Fzﬁpiﬁ-ﬁ};i , N:ﬁi-i-Nl-/,

where Hp ;(7;) is that part of the Hp(N) which contains the fermionic operators of the i-th site
and H, i (N /) is the remaining part. For the Hamiltonian of HAFM we have

Hr; |unphys); = 0.

Therefore, the trace in Eq(@) taken over unphysical states of the i-th site vanishes



’I‘ri unphys{eiﬁﬁFii%N} = eiﬁﬁpl ‘3 Nl/ [ unphys{(_i)ﬁi} = 07
since Tr; unphys{( )nl} = ( ) ( i)z =0.
As a result , in the calculation of the trace all the unphysical states are eliminated, while on
the physical states Hp = Hg and N|phys) = M|phys). Therefore
N RN N 1 N
Tep(e= 7 =i59) = ()M Tryp (e 70) = 7 Trs (e 70)
i

which proves Eq@)
The evaluation of fermionic trace Trp requires only the standard technique because this trace
is unrestricted. It can be represented as a path integral in terms of Grassmann fields n and 7 [@]

B
2= [Dugexod = [ ar | mae) (00 4 i3 ) maln) + Mo | £ )
where
HF(ﬁvnaT) = 7 Z nza o'aﬁniﬁ(T))(ﬁj'y(T)o-’Y‘;an(T))

= JZS (6)

and
$i(7) = 5T (N7 aaia(r), ™

D:“”] - H H ’LOc dnza )
0<r<3 i,
Now let us do the Fourier transformation

Z Z S q7 71£2m‘reiq.ri7 (8)

qGBZ m

where q is the wave vector in reciprocal space (we can restrict it to the first Brillouin zone (BZ)),

Q= QT’T’” is a Matsubara frequency for Bose field.

Summation over ordered nearest neighbors can be written as
LD ©
(,3) i,0

since j is a nearest neighbor of i: r; = r; + J, and & represents the displacement of z = 2d nearest
neighbors of each site . Then

s JMd
/ drHp (7, ;7 3 S aS(a 0)S(—a, ~ ), (10)
0

q€EBZ m



where the so-called structure function vq = % > 5 ¢iad — Veq = %(cos g1+ cosqa + -+ + cosqq).
From Eq.(§) it follows that

S(_q7 _Qm) = S*(qv Qm) (11)
and if we write
S(q, 2m) = ReS(q, Q) + ilmS(q, Q) (12)
then
s dJM ) 5
drH (77, ;7 D0 alReS(a,2))* + (ImS(q, )’ (13)
0 qeBZ m

The standard way to decouple four fermion terms is to use Hubbard-Stratonovich represen-
tations and introduce some auxiliary Bose fields. The decoupling scheme is not unique and the
particular choice of the Bose fields depends which mean field solutions (ordered or disordered for
our model) we are going to discuss. Of course, before one starts to use some approximation (usually
saddle point approximation) all representations are equivalent and if we are able to calculate the
path integrals exactly we shall get the same result.

In the present paper we are considering the ordered phase (the disordered phase which is the
most relevant for d < 2 will be discussed elsewhere [E]) and the Hubbard-Stratonovich decoupling
can be done with the help of an auxiliary vector field M(q, §2,,,) which plays the role of the
staggered magnetization

s n,m;T
eifo d‘rHF(n-,?% ) — /DNM eXP{Z [ - |M(qu Qm)|2
q,m

— M (4, 2)S(a, D) + S* () Qon) M(q, Q)]

| oo
and the path integration measure

DMM _ H H H dRe./\/la(q, Qm)dImMa(q, Qm) . (15)

o
m qeBZ a=z,y,z

For Fermi fields Fourier transformations are

Nia(T Z Nia(Vn)e W"T7 (16a)
nza Z nza 1/71 “jnT (16b)
where v, = w is a Matsubara frequency for Fermi fields. Then
B _ —iqrs
S0y ) = 57 D T (V)T is (vn)e ™"V 00,0, (17)

and for the partition function we get



z=i" /DMnDMM exp = > IM(@ Q) + DY TiaWn) K s (Mmja(va) 7, (18)
q,m

,j n'n

where

af _ | saB . T / dJg_ ; r; B
Icn’,n;i,j(M) - [6 (_Zynﬁ + 15) 6n’n + % _W'yqe 4 M(q7 Vpr — Vn)o-aﬁ 61]7 (19)

and the measure for the path integration with respect to Grassmann variables now reads

Dy = H AN (Vn ) dnia (Vn).- (20)

1,n,x

Integrating with respect to them we obtain
7 = iM/DuMefseff[M] =e PE (21)

where

SersM] =D |M(q, Q)" — Trin K(M) (22)

and F is a free energy.

3 The leading order of the saddle point approximation

In order to deal with the AFM solution we shall choose a frequency independent solution along
the z-axis (7w = (m,7,..., 7))
—_——

d
M(q, Q) = 27/ dM BT Mbg 7. (23)
The real parameter 17 is a staggered magnetization. Then
e} e’ ; T 4 z

and (—1)% = (=1)Fit+F)a S0 the free energy in the mean field leading order takes a form
FME(m) =diMm? — 1 > In[1+ePPn] — My , (25)
B 2 B

where {E,,} is the spectrum of the mean field Hamiltonian

A R R . T R N
FMF _ Z (wjyac;acja + z%c;acja> , (26)
7,



wij1 = (—1)dem,
Wj2 = —(—1)dem

The summation with respect to eigenvalues can be done easily with the result
2
d 1+’ =M (—, cosh (dﬂJm)). (27)
i
So for the free energy in the leading order we get

FME(m) =dIMm? — % In (cosh (dB3.JM)) — % In2 (28)

Minimization of FM¥ (1) yields the mean field staggered magnetization equation
1
m= 3 tanh (dgJM). (29)
Exactly the same result for magnetization one obtains in the mean field approach to the S = 1/2

Heisenberg model with the Hamiltonian Eq(ﬂ) working in terms of spin variables.
If the single occupancy condition is disregarded instead of Eqs.@) and Eqs.@) we get

FME(myg) = dJMmg — % In (cosh (gﬁJﬂlo)) — % In2 (30)
and
me = %tanh (gﬂjm,o). (31)
4 One-loop corrections
Now we write
M(q, Q) = 2/ dMBI Mg 7 + SM(q, L) (32)

where 0 M(q, ,,,) are fluctuations of the magnetization around the mean-field value (the leading
order) M satisfying Eq.(R9). Then
K32, (M) = [5&5 (_wnﬁ + zg) +(~1) wmagﬁ} Sumdiy + 0N (v — 1), (33)

where

o dJB g
mif(un, —vp) = Z \/ —3f Tt AT SM(Q, Vpy — Vn)O 0pdij- (34)

qceBZ

The partition function



7 — BV / Dy 57, 1EMI, (35)

where

SOMI=" 37 [IM((q, )P — TrIn K(EM) (36)

m qEBZ

dRedM(q, Q) dIméM(q, Qm
Diipe = H H (q ) (q )

™

(37)
m qeBZ

The superscript (2) means that only the terms of the second order with respect to 0 M are kept.
Thus we take into account only so-called Gaussian fluctuations.
Let us define a matrix G such that its matrix elements has a form

G

[
n,n;tj

. —1
_ _wngﬂg—(—l)a(—l)ﬂdwm] 516 apOrm. (38)

This matrix is the one particle propagator evaluated at the saddle point. Then Eq() written in
the matrix form (with respect to spin index « and lattice site index i ) takes a form

Ko =G — 6N(vp — vy) (39)

and

Trin K(6M) = Trin G~ + Trin(1 — GN)
=TrinG~! — Tr[GoN)] — %Tr[G(snG(sn] -

The term which describes the Gaussian fluctuations in more explicit form reads

Tr[GONGIN] =Y Sp[(T — i78) 5 MU Q) (T — i3 + 1Qn B) ™ 5T~ )], (40)

where 77 is a matrix in the space of i and « indices with the matrix element

T = —(=1)*(=1)dJBMS;00, (41)

)

and Sp is a trace in this space ( its element we denote as |ia)),

Up =Vp + %
So in the one-loop approximation we have for Sgc)j [OM]
SFr="> sM((a, )2 + 57 [0M] (42)
m,qEBZ
and
5@ (5M] = - T3 (i, m) (G| MU ) [i8) (1315 T =2y )| 43
eff[OM] =5 D Tapli,m) (512 )[iB) (18101~ Q) [ia), (43)
i,a,3,m



where

Tup(ivm) = 3 (6al(TA — it8)~ i) (i) (T8 — 5 + 190 )~ [i6)

1 1
zn: i+ (=1)2(=1)idJBM iD,3 — i+ (—1)P(=1)idJ M

(44)

The summation with respect to Matsubara frequencies can be easily done with the following
result

1 1
(4, B ) = Zn: W3 — A iy — B — iQpf3
_ 1 sinh [%(A — B)]
~ iQmB— A+ B isinh[3(A+ B)] + cosh[2(A — B)]’
if A# B, and
1 —isinh A
DA, A Q) = —0mo———5—— 45
( ) " 9 cosh? A (45)
We need to know only the expression for the special choice: B = —A. In this case

2Atanh A 1Q,, B tanh A
DA, —-A;Q,) = — - ) 4
(4, =45 Qm) (Qn0)2 + 442 (Q,,0)2 + 4A2 (46)

So we get (A =dJBM)

1 —i(—1)7sinh A , ;
= b0k — i(=1)7p], 47
L ol —i(-17] (472)

T11(4,m) = —0mo

Tya(j,m) = —Sumolr + i(~1)7 ), (47D)

2Atanh A i(=1)'Q,Btanh A
(2 3)% + 4A2 (QmB)? + 4 A2

Ta(j,m) = — &(m) +1i(=1)’¢(m) (48a)

and ‘
To1(j, m) = £(m) —i(=1)’((m). (48b)
Taking into account the Eq(@) for the mean field magnetization we get

1

=-(1-4m?).
5= 51— 4m)
If the single occupancy condition is neglected we get instead (Ao = dJSMY )
1 1
= =—(1-4m3
0T Y cosh? A 4( )

2

©



and
2 A0 tanh A” Q0 tanh Ao
§o(m) = m , Co(m) = m :
From Eqs.g) and (B1)) it follows that &(m)|a—a, = &(m) and ¢(m)|a=a, = Co(m).
B4

From Eq. we have
10N Q) ]i1) = ,/_@ Vg€ T I M (q, Q (49a)
qeBZ
(12001 ) i2) = = 1/—@ e Tig M= (q, (49D)
qcBZ
(111612 )]12) = Z 1/—@ eI S M (q, Q) — i0MY(q, )], (50a)
qceBZ
(i200M(Q)[i1) = > 4/ == 7qe" T [FM”(q, Q) + i6MY(q, Q)] (50b)
qceBZ
and S’g)f defined in Eq(@) can be rewritten as
ST
where the longitudinal part
= 5 Z {11 (m) (L]0 MU ) [ 1) (GO TU— ) [i1) + T2 (m) (2] TR )[02) (2(0 1Y — e )[02) }
and the transverse part
= - Z {T12(m) G116 TY 1) [12) (12]0 TU(—Q2,) |31) + To1 () (12| TY( Q1) [11) G106 TU(—2,,)]32) .
So using Eqs.(@) and ([IJ) we obtain
S = dipr Y YaldM*(a,0) (51)
qeBZ
and with the help of Eqs.([g) and (50)
S = S(=dIB) Y {aldMT((a, Q) — MY ((a, Q)M (—a, ~ ) + 1M (~
m,qeBZ
TYal0M*((q, n)) + i6MY((q, ) [[OM*(=q, =) — i6 MY (=q, =2 ]E(m
—aldM*((q, ) — i6MY((q, Q) J[OM*(—q — 7, =) + 0 MY (—q — 7, =) |C(m
—YaldM*((q, ) + MY ((q, Q) ][OM*(—q — 7, =) — i6MY (—q — 7, =) [C(m) }

10

q, =) J€(m)



So

SE = dips Y el {IIMP(q,0)2 — oM (q + m,0)[%}

qeRBZ

+ dIBY Y bl { [HOME (@, Q)P + 1IM (a + 7, ) (52)
m q€RBZ

— M@, Q)P+ [OMY (@ + 7, ) ] £m)

+ 2Im [SM(q, Q) S MY (—q — 7, — Q)

5MY(q, ) SM? (—a = 0, )] C(m) b

The part of Sgc)j which describes the transverse fluctuations for each q vector and for each
value of m consists of four 2 x 2 blocks mixing the real and imaginary components of 6 M?* and
0MY at q and g+ 7 in pairs. The matrices corresponding to these blocks are given by (q € RBZ)

1L —dBJlyglé(m)  £dBJ|yql¢(m)

idﬁthK(m) 1+ d6J|7q|§(m)

(53)

with the eigenvalues

2dM|q|
@OnT 7 + 24
We see that A_(q,m) vanishes at Q,, = 0 when q = 0 . The corresponding eigenmodes are the
Goldstone modes (spin waves) which appear due to the fact that AFM (ordered) phase is a phase
with spontaneously broken symmetry.

So from Eq(@) we obtain up to some inessential constant the free energy including one-loop
corrections

A+(qm) =14+ (54)

/

F = FMF+% > Z1n(A+(q,m)A,(q,m))+% > In(1-12)

q€ERBZ m>0 qQ€RBZ
1
+35 > (1 —d?B2 k), (55)
qQ€ERBZ

where Z;E rpz Mmeans that the point q = 0 should be excluded. The summation with respect to
Matsubara frequencies can be done with help of the formula

nfl—-— | =In
"0 (QmpB)? + B2 VB2 — A%sinh £

and we get finally for the free energy

b g2 z/: . sinh(dmﬁj,/l—yg) L2, dmp)

sinh(dMp3.J) 5" Sinh(dmpaJ)

11



1 d?
+35 > [1—Zﬁ2j2(1—4m2)27§} : (57)
qQ€ERBZ

Now taking the limit of zero temperature  — oo we get the energy of the ground state per
site (there is no contribution to the limiting expression from the last term)

F ES  dJ | dJ 5
MT=06 M 4 "wm Va1 (58)

qERBZ

which is exactly the ground state energy per site obtained in linear spin-wave approximation [@]
for spin 1/2.

It is easy to check that the same zero temperature result will be obtained when the single
occupancy condition is disregarded.

On the contrary, at finite temperatures taking into account the single occupancy condition gives
different values of the different thermodynamical quantities, e.g. for the free energy this affects in
changing the temperature dependence of the magnetization 77 and changing the longitudinal part.
Figs.1 and 2 show the difference of the results for the cases when single occupancy condition is
taken into account (solid line) and when it is disregarded (dashed line). On Fig.1 the temperature
dependence of the internal energy and entropy and on Fig.2 of the specific heat are given. From our
numerical calculations we found that only in the interval 0 < ¢ < 0.13 the difference is negligebly
small. In this interval the specific heat goes to zero as C, = at® with « = 3, as it should [@]

5 Conclusion

We have studied the magnetic (ordered) phase of the isotropic spin 1/2 HAFM defined on the simple
d-dimensional hypercubic lattice using fermionized spin operators and saddle point approximation.
Single occupancy condition which is needed when spin operators are bosonized or fermionized is
taken into account by the method of Popov and Fedotov.

It is shown that inclusion of the one-loop corrections to the leading order of the saddle point
approximation leads in the limit of zero temperature exactly to the same expression for the ground
state energy which one obtains for the next-to-leading term in the linear spin wave theory, and
this result does not depend if the single occupancy condition is disregarded or not.

It is worthwile to mention that in the mean field theory of the spin 1/2 HAFM where Schwinger
bosons are used [ﬂ] one obtains the same result of the linear spin wave theory at zero temperature
already in the leading order and taking into account the single occupancy condition is crucial in
this case.

We demonstrated that in our approach taking into account the single occupancy condition
changes finite temperature results considerably.
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Figure captions
Fig.1 Internal energy per site E/M and entropy per site S/M versus dimensionless temperature
t = (BJ)~! for the 3-dimensional cubic lattice. Dashed and solid lines correspond to the cases
when single occupancy condition is disregarded and taken into account respectively.

Fig.2  Temperature dependence of the specific heat per site C,/(Kpt) for the 3-dimensional

cubic lattice. Dashed and solid lines correspond to the cases when single occupancy condition is
disregarded and taken into account respectively.
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