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TWO-WEIGHTED INEQUALITIES FOR SOME
SUBLINEAR OPERATORS IN LEBESGUE SPACES

Abstract

In this paper, the author establishes the boundedness in weighted L, spaces
on R™ a large class of sublinear operators generated by Calderon-Zygmund
operators. The conditions of these theorems are satisfied by many important
operators in analysis and these operators satisfy only some weak conditions on
the size of operators and are known to be bounded in the unweighted case.
Sufficient conditions on weighted functions w and w; are given so that certain
sublinear operator is bounded from the weighted Lebesgue spaces Ly, .,(R™) into
Ly (RY).

In the paper, we will prove the boundedness of some sublinear operators on the
weighted L, spaces.

Let R™ is the n-dimensional Euclidean space of points = = (2/, 2") = (1, ..., Tn),
' = (21, Tm), ¥ = Tty Tn), 1 < m < n, |22 = 30 2?2, An almost
everywhere positive and locally integrable function w : R” — R, will be called a
weight. We shall denote by L, (R") the set of all measurable function f on R"

such that the norm

1/p
A I R e

is finite.

Definition 1. A function K defined on R™\ {0}, is said to be a Calderon-Zygmund
(CZ) kernel in the space R™ if

) K € C(R"\ {0}) ;

ii) K(rz) = r~"K(x) for each r >0, x € R"\ {0};

ii) [y, K(x)do, =0 , where do is the element of area of the ¥ = {x € R" : |z| =
1};

A sufficient condition for Calderon-Zygmund operator T" : L, ,,(R™) — L, ., (R")
was found by N.Fuji [6], however the condition he introduced is not easy to check
for given weights. Recently Guliyev [7] and Edmunds and Kokilashvili [14] found new
sufficient conditions easily verifiable for Calderon-Zygmund operator T' : Ly, ,,(R") —
Ly, (R™), whenever w(-) and wi(-) are radial monotone weights. In the paper Y.
Rakotondratsimba [16] was proved the following theorem
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Theorem 1. Let p € (1,00), T be a Calderon—Zygmund operator. Moreover, let
w(x),wi(x) be weight functions on R™ and the following three conditions be satisfied:
there exists a constant b > 0 such that

sup  wi(y) <bw(z) forae zeR",
|z]/4<|y|<Alz|

p—1
sup / wi(z)|x|""Pdz / W' P (2)dx < 00,
r>0 || >2r |z|<r

p—1
sup / wi(z)dz / W' P (@) |27 da < 0.
r>0 || <r |z|>2r

Then there exists a constant c, independent of f, such that for all f € Ly ,(R™)

| ri@preeis <c [ r@poeds

Moreover, condition (a) can be replaced by the condition
there exists a constant b > 0 such that

1
wi(z) sup —— | <b forae xeR"
jal/a<lyl<4ja| @(Y)

We say that a locally integrable function w : R™ — (0,00) satisfies Mucken-
houpt’s condition A, = A,(R") (briefly, w € Ap), 1 < p < oo, if there is a constant
C = C(w,p) such that for any ball B C R"

: Pl 11
(1B [ wone) (1817 [ o7 ) <o Tedn
B B p D

where the second factor on the left is replaced by ess sup {w‘l(x) tx € B} ifp=1.
First, we establish the boundedness in weighted L, spaces for a large class of
sublinear operators.

Theorem 2. Letp € (1,00) and let T be a sublinear operator bounded from L,(R™)
to L,(R™) such that, for any f € L1(R™) with compact support and x ¢ suppf

|f ()
u_yww, (1)

T ()] < co /
J

where cg is independent of f and x.

Moreover, let w(z) = u(z)d(x), wi(x) = ui(x)p(x) be weight functions on R™,
() € Ap(R™) and the following three conditions be satisfied:

(a) there exists a constant b > 0 such that

sup  ui(y) <bu(z) for a.e. xzeR",
|| /4<]y|<dl|

p—1
=su wi(x)|x| Pdx WP (2)dx 0
(b> A= T>I(; </|:c|>2r 1( )’ ‘ 4 > </x|<r ( )d ) = ’
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p—1
= su wi(x)dx WP ()| 2|7 da 00.
(C) b= 7“>%) </|m|<r 1( )d ) </|x|>2r ( )| ’ I ) =

Then there ezists a constant ¢, independent of f, such that for all f € L, ,(R™)

/ Tf(z)[Pwi(z)de < c/ (@) [Pw(z)da. (2)
R” n

Moreover, condition (a) can be replaced by the condition
(a') there exist b > 0 such that

el /4< | <dlz] W(Y)

1
uy () < sup ) <b forae xeR"

Proof. For k € Z we define Ej, = {x € R": 2k < |z| < 2F1} Ep = {z € R™:
2] < 2PN Ero={z € R": 21 < |z| < 2"} Ey3 = {z € R*: |z| > 2K+2}.
Then Ep2 = Ex1 U E U Ejyy and the multiplicity of the covering {Ex2}, ., is
equal to 3.

Given f € L, ,,(R™), we write

TF@)| =D |Tf(@)xg, () <Y [T fr1(@)] xg, (@)+

keZ keZ

+ D Tfea(@) xp, (@) + D |Tfrs(@)| xp, (2) = Ti f (@) + Tof (x) + Taf (), (3)

keZ keZz

where X, is the characteristic function of the set Ey, fr; = fxg, ,, 1 =1,2,3.
First we shall estimate [|T7f][, ..~ Note that for z € Ey, y € Ej1 we have

pl(y) < 2871 < |z|/2. Moreover, Ej, N suppfr1 = 0 and |z — y| > |z[/2. Hence by

Ty f(x) SCOZ (/Rn Md.ﬂ) XE, <

keZ

< co / o — "1 ()ldy < 2cola] ™ / F()ldy
lyl<|z|/2 ly|<|z|/2

for any = € Ej. Hence we have

p
L mi@peas < @y [ ( Lo If(y)ldy> o] "o ()

Since A < oo, the Hardy inequality

[ wrtaal ( /y|<|x|/z' (v >|dy>pda:<c L f@pets

holds and C' < ¢ A, where ¢’ depends only on n, a and p. In fact the condition
A < o0 is necessary and sufficient for the validity of this inequality (see [1], [13]).
Hence, we obtain

/ IT0f (@) P (2)de < e / (@) Pola)d. (4)
Rn n
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where ¢; is independent of f.
Next we estimate ||T3f||pr1' As is easy to verify, for x € Ey, y € Ej 3 we have
ly| > 2|z| and |z —y| > |y|/2. Since Ej N suppfrs =0, for x € Ej, by (1)) we obtain

W)l . B
T < dy < 2 dy.
3/ (@) < e /| Y < 2 /|y|>z|x| F)llyl " dy

I>202| [T —y|™

Hence we have

| mf@peieds < ey [ ( Lo If(y)lyl‘”dy> (@)

Since B < oo, the Hardy inequality

Lo ([, o) s [ ero

holds and C' < /B, where ¢’ depends only on n and p. In fact the condition B < oo
is necessary and sufficient for the validity of this inequality (see [1], [13]). Hence, we
obtain

/ T3 f () Peor (2)dae < e / (@) Pula)d, (5)
RTL n

where ¢z is independent of f.
Finally, we estimate [|T2.f| .- BY the L, 4(R™) boundedness of T" and condition

(a) we have
/Rn (Z T fr2(2)] XEk(a:)> wi(z)dz =
w1

/ T2 (2)Pwr (2)d =
R® kezZ
- /R ) <Z|Tfk,z(:r>|”xEk< )

(z

r)dr = Z/ T fre.2(x)|P ui(x)p(z)dx <

keZ keZ
<3 sup ui(a) / T fia(@)P @)z < |TIES sup wi(x) / Fra(@)P dz)de =
kez T€Ek R™ kez *€Ek R™

=715 Y sup wn(y /E (@) Pél)da

kez VEE

where [Ty = [|T||z, ,®")—L, ,®")- Since, for @ € Ej o, 2k=1 < |z| < 282 we have
by condition (a)

supui(y) = sup  w(y) < sup  wi(y) < bu(a)
yEEy 2k=1 <[y <2b+2 |zl /< y| <4l

for almost all x € Ej, 5. Therefore

/ T (&) P () <
.

<7y / DPu@iads < [ 1f@Pedn 6

keZ
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where ¢3 = 3||T |, since the multiplicity of covering {Ex 2}, ., is equal to 3.

Inequalities (3), , , @ imply which completes the proof.
Analoguoslu proved the following weak variant Theorem 1.

Theorem 3. Let p € [1,00) and let T' be a sublinear operator bounded from L,(R™)

to WL,(R"™) and satisfying (). Moreover, let w(z) = u(z)¢(x), wi(z) = ui(z)p(x)

be weight functions on R™, ¢(x) € A,(R™) and conditions (a), (b), (c) be satisfied.
Then there exists a constant c, independent of f, such that for all f € Ly ,(R™)

wi(@)de < = [ |f(x)Pw(z)dz. (7)

/{J:ER” T F(x)|>A} A Jrn

Let K is a Calderon—Zygmund kernel and T" be the corresponding integral oper-
ator

Tf(z) = pov. / K(z - y)f(y)dy.
RTL

Then T satisfies the condition . See [15] for details. Thus, we have

Corollary 1. Let p € (1,00), K be a Calderon—Zygmund kernel and T be the
corresponding integral operator. Moreover, let w(x) = u(z)p(z), wi(z) = ui(z)d(zx)
be weight functions on R™, ¢(x) € A,(R™) and conditions (a), (b), (c) be satisfied.
Then inequality is valid.

Corollary 2. Let p € [1,00), K be a Calderon-Zygmund kernel and T be the cor-
responding integral operator. Moreover, let w(z) = u(z)d(z), wi(z) = ui(x)p(x)
be weight functions on R™, ¢(x) € A,(R™) and conditions (a), (b), (c) be satisfied.
Then inequality @ is valid.

Remark 1. Note that, Corollary 1 were proved in [16] and for singular integral
operators, defined on homogeneous groups in [12], [8] ( see also [10], [2], [3], [7]).

Theorem 4. Let p € (1,00), T be a sublinear operator bounded from L,(R™) to
Ly(R™) and satisfying (1). Moreover, let w(z) = u(|z|)¢(z), wi(z) = wi(|z|)d(z) be
weight functions on R™, ¢(x) € A,(R"™), u(t) be a weight function on (0,00), u;(t)
be a positive increasing function on (0,00) and the weighted pair (w, wi) satisfies
the conditions (a), (b).

Then inequality 1s valid.

Proof. Suppose that f € L, ,(R") and w; are positive increasing functions on
(0,00) and (w(|z]), wi(|z|)) satisfied the conditions (a), (b).
Without loss of generality we can suppose that u; may be represented by

ui(t) = ui(04) + /Ot P(A)dA,

where u1(0+) = limy_ou1(t) and u1(t) > 0 on (0,00). In fact there exists a se-
gence of increasing absolutely continuous fuctions w,, such that @, (t) < w;(t) and
lim w,(t) = wi(t) for any ¢t € (0,00) ( see [10], [2], [7], [3], [9] for details ).

We have

[ 1rf@Pe@ds =) [ [15@Po@dss
Rn Rn
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||
+ [ s ( ww) b(x)de = Jy + .
Rn 0

If u1(0+) = 0, then J; = 0. If u1(0+) # 0 by the boundedness of T in L, 4(R"),
¢ € A, thanks to (a)

K< T (0+) [ 17@)Po()ds <
<71 [ V@Punlahota)ds <BITIE [ 1f@)Peta)ds,

After changing the order of integration in Jo we have
Jo —/ PY(A) (/ ny(x)%(x)da:) d\ <
0 |z|>X
= 2p—1/0 v (/I A I T(IXYers2p) (@) Po (@) da +
x|>

+ / \T(fx{|x|§,\/2})(x)\pgb(x)dx) d\ = Ja1 + Joo.
|z|>A

Using the boundedness of T" in Ly, 4(R™) and condition (a) we have

Jor < TP /Om¢(t) </| Vo ]f(y)|p¢(y)dy> dt =
yl>
2Jy|
=im [ ( 0 ww) Hly)dy <

U717 [ 1P Doty <BITI? [ 150)Pe@d.

Let us estimate Joo. For x| > A and |y| < A/2 we have |z|/2 < |z —y| < 3|z|/2,

> HOIAY
T = 04/0 v </x|>)\ </|y§2,\ |z — y|”dy) ¢(x)dx> =
<o /0 ey ( /W ( /M !f(y)!dy> |x|—"%(as>dx> i =

= - —nptn ’ .
- /0 BV ( /lywrf@)rdy) 0

The Hardy inequality

AR ( /lywrf@)rdy) < [ 1wy

and so
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for p € (1,00) is characterized by the condition C' < ¢/ A’ (see [4], [11]), where

00 T p—1
A’ = sup ( w(t)t"p+”dr) </ w' (t)dt) < 0.
0

7>0 2T

Note that

/ Y(r)r P =n(p—1) | @(r)dr / N
2t 2t T
A

=n(p— 1)/ API=np g Y(T)dr <
2t 2t

<n(p-— 1)/ )\n—l—npwl()\)d)\ = 010/ wi(|z])|z|""Pde.
2

t |x|>2r

Condition (b) of the theorem guarantees that A" < ¢j0.4 < oco. Hence, applying
the Hardy inequality, we obtain

I < 7 / f @)l

Combining the estimates of J; and Jo, we get ([2]) for wy(t) = w1(0+)+f0t Y(T)dr.
By Fatou’s theorem on passing to the limit under the Lebesgue integral sign, this
implies . The theorem is proved.

Theorem 5. Let p € [1,00), T be a sublinear operator bounded from L,(R"™) to
WL,(R™) and satisfying (1. Moreover, let w(z) = u(|z|)¢(x), wi(z) = ui(|z])d(z)
be weight functions on R™, ¢(z) € Ap(R™), u(t) be a weight function on (0, 00), u1(t)
be a positive increasing function on (0,00) and the weighted pair (w, w1) satisfies the
conditions (a), (b).

Then inequality 1s valid.

Corollary 3. Let p € (1,00), K be a Calderon—Zygmund kernel and T be the
corresponding operator. Moreover, let w(z) = u(|z|)op(z), wi(x) = ur(|z|)p(x) be
weight functions on R™, ¢(x) € A,(R™), u(t) be a weight function on (0,00), u;(t)
be a positive increasing function on (0,00) and the weighted pair (w, wi) satisfies
the conditions (a), (b). Then inequality is valid.

Corollary 4. Letp € [1,00), K be a Calderon—Zygmund kernel and T be the corre-
sponding operator. Moreover, let w(x) = u(|z|)p(x), wi(z) = ui(|z|)P(x) be weight
functions on R™, ¢(z) € A,(R™), u(t) be a weight function on (0,00), ui(t) be a
positive increasing function on (0,00) and the weighted pair (w, wi) satisfies the
conditions (a), (b). Then inequality is valid.

Theorem 6. Let p € (1,00), T be a sublinear operator bounded from L,(R"™) to
Ly(R™) and satisfying (1). Moreover, let w(z) = u(|z|)¢(z), wi(z) = wi(|z|)d(z) be
weight functions on R™, ¢(x) € A,(R™), u(t) be a weight function on (0,00), u;(t)
be a positive decreasing function on (0,00) and the weighted pair (w, w1) satisfies
the conditions (a), (¢). Then inequality is valid.
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Proof. Without loss of generality we can suppose that wy may be represented by

wi(t) = wi(400) + /toow(T)dT

where wi(+00) = 1tlim wi(t) and wi(t) > 0 on (0,00). In fact there exists a se-
— 00

quence of decreasing absolutely continuous fuctions w,, such that w,(t) < wi(t)
and limy, o @y, (t) = wi(t) for any t € (0, 00)( see [7], [9] for details ).
We have

[ 1rr@Pen(sde =n(+o0) [ [Ti@)Pdes
Rn R™

+/ T f () < OOI/J(TMT) dr =11 + Ip.
R™ ||

If wi(400) =0, then I} = 0. If wy(4+00) # 0, by the boundedness of T in L,(R")
and condition (a) we have

B ITleato0) [ |f(a)lde <

< |7 / )Pwr(z)dz < b|T| / 2)Puw(a))dz

After changing the order of integration in Jo we have

Iy = /0 ey ( /| . !Tf(w)!pdfc) ar <
< 2p—1/0 P(A) (/le IT(fX{jz)<2np) (@) [Pdz +

+ /I | |T(fX{|m|22,\})(fU)’pd$) dA = Jo1 + Joa.
z|<A

Using the boundedness of T" in L,(R™) and condition (a’) we obtain

o < 1T /mwt) (/ N <>|pdy>dt Tl / ( /medx)dyg

< |7 / w)Pwi(lol/2)dy < b [T / y)Pe(ly])dy.

Let us estimate Joo. For |z| < A and |y| > 2\ we have |y|/2 < |z — y| < 3|y|/2,

and so
x LAY
T = CS/O v (/|z</\ </|y22)\ |z — Z/\”dy) dx) =
<2 [0 ( /m ( /|y|>m ryr”my)rdy) da:> ar =
[e’) p
= oo / BOVA ( /|y|m’y‘ !f(y)ldy> ax.
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The Hardy inequality

/0 BOYA” ( /lymm " f(y >|dy) ir<C / w)Pw(ll)dy

for p € (1, 00) is characterized by the condition C' < ¢B' (see [4], [11]), where

o] -1
B = sup ( IR t%) ( A wl-p’(wt—np’dt)p < oo.
T T t
nJr — n—1 o
/0 Y(t)t dt_n/o w(t)dt/o AN =

T t T
:n/ )\”ldA/ Y(r)dr < n/ A"lw(A)d/\:c/ wi(z)dz.
0 A 0 lz|<T

Condition (¢’) of the theorem guarantees that B’ < nB8 < oo. Hence, applying the
Hardy inequality, we obtain

Jor < e [ 17(@)Pllal)dz

Note that

Combining the estimates of J; and J, we get for wy(t) = wi(400) +ft T)dT.
By Fatou’s theorem on passing to the limit under the Lebesgue integral 31gn thls
implies (2)). The theorem is proved. O

Theorem 7. Let p € [1,00), T be a sublinear operator bounded from L,(R™) to
WL,(R™) and satisfying (1]). Moreover, let w(z) = u(|z|)¢(z), wi(z) = ui(|z])d(z)
be weight functions on R™, ¢(z) € Ap(R™), u(t) be a weight function on (0, 00), u1(t)
be a positive decreasing function on (0,00) and the weighted pair (w, w1) satisfies
the conditions (a), (¢). Then inequality is valid.

Corollary 5. Let p € (1,00), K be a Calderon—Zygmund kernel and T be the
corresponding operator. Moreover, let w(z) = u(|z|)p(z), wi(x) = ur(|z|)p(x) be
weight functions on R™, ¢(x) € A,(R™), u(t) be a weight function on (0,00), ui(t)
be a positive decreasing function on (0,00) and the weighted pair (w, w1) satisfies
the conditions (a), (¢). Then inequality is valid.

Corollary 6. Let p € [,00), K be a Calderon—Zygmund kernel and T be the corre-
sponding operator. Moreover, let w(x) = u(|z|)¢(x), wi(z) = ui(|z|)p(x) be weight
functions on R™, ¢(z) € A,(R™), u(t) be a weight function on (0,00), ui(t) be a
positive decreasing function on (0,00) and the weighted pair (w, wi) satisfies the
conditions (a), (¢). Then inequality is valid.

Theorem 8. Letp € (1,00) and let T be a sublinear operator bounded from L,(R™)
to Ly(R™) and satisfying (1]). Moreover, w(z'), wi(z') be weight functions on R™
and the following three conditions be satisfied:

(a1) there exists a constant b > 0 such that

1
< p ) sup wi®) | <b for a.e. 2’ €R",
w(@) )\l /a<ly/| <4l

11
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p—1
(b1) A = sup / wi ()| |~"Pdz’ / wlfpl(x’)dm' < 00,
>0 |’ |>2r |/ |<r
p—1
(c1) B = sup / wi (2')da’ / W P (@) |2 )T da! < 0.
>0 |z’ |<r |’ [>2r

Then there exists a constant C, independent of f, such that for all f € Ly, (R")

/ Tf@)Pwna)dz < C [ |f@)Pw)ds. (8)
R" Rn

Moreover, condition (1) can be replaced by the condition
(a}) there exists a constant b > 0 such that

1
/ / n
Wil sup —— | <b forae ' eR™
) <r’|/4S|y’§4lm’|w(y'))

Proof. For k € Z we define E, = {z € R*: 2F < |2/| < 21} Ep; = {z € R":
|2/| < 2871} Epo = {z € R": 281 < |2/| <22} B3 = {x € R™: |2/| > 2FF2}
Given f € L, ,(R"), we write

Tf(x)| = Z Tf(x ’XEk Z 1T fr( ‘XEk( z)+

kez keZ

+ D T feo(@)| xp, (@) + D IT frs(@)| xpg, (2) = Tof (@) + Tof (2) + Ta f (@),
kez keZ
where xp, is the characteristic function of the set Ey, fx; = fxpg, ,, 1 =1,2,3. We

shall estimate [|T1f]|,, ., Note that for z € Ey, y € Ep1 we have ly/| < 2F-1 <
|2’|/2. Moreover, |2’ —y'| > |2/|/2 and we obtain

s <X ([ @), <

keZ

< c/ ’fk,l(y)’dy < 01/ : \/fk,1(yl)/\ <
|f(y)| o
< Cl/ / iy
nem Jpyri<paryy2 (127 + 2" = y"1)

for any x € Fj. Using this last inequality we have

[ m@la s <
Rn

1/p
()l AR
B {/R </ nm/y|<xf/2 ('] + " = yff\)"dydy) w1<w>dx} .

For z = (2/,2") € R™ let

p

I
I(ml) :/ / / , ‘f(y ;,y )‘” ndy/dy// de’ —
Rn—m n—m J|y'|<|2|/2 (‘.’L‘ ‘ + ’x -y D
p
—/ / (/ |f(y,7y”)| dy”) dy’
nem \ Sy i<torlyz \Jre-m ([2] + |27 = y"[)"

dx//
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Using the Minkowski and Young inequalities we obtain

p
I(2') < / </ \f(y’,y”)\pdy”>1/p </ dx") | =
itz e g (2] + [2"])"
p
dz" p
= f y/7' nfmdy, (/ ) —
</ly'<|ae'|/2H Wl ro-m (|2] + [2”])"
p
e / / dx" P
= 1 mp fy7 nfmdy (/ ) —
2| (/Iy'w'/zu W o gnom ([ + 1)1
p
= B V[ Vp
|$/|mp |y/|<|1./|/2 ’ b,

Integrating in R™ we get

P
/ \Tlf(w)lpw1($’)dx§04/ wi ()|~ (/ ||f(y’,')|!p,andy’> da’.
Rn R™ ly'|<|='|/2

Since A < oo, the Hardy inequality

P
/ ()| ( / 1 ->||p,Rn-mdy') dr' <
m ly'|<|='|/5

<C [ Mol

and C' < c¢A where ¢ depends only on p. In fact the condition A < oo is necessary
and sufficient for the validity of this inequality (see [1], [13]). Hence, we obtain

| ms@peis < [ |f@peads

Let us estimate |[T3f][, o As is easy to verify, for x € Ey, y € Ep3 we have
|y'| > 2|2'| and |2’ — y/| > |y/|/2. For = € Ej we obtain

< ’ / 1
IT5f(z)] < 06/ / —dy'dy" .
nem Sy 202 (V4 [2" = y"])"

Using this last inequality we have

p

)‘ / 1/ "

L(2)) / / / =dy'dy” | dz".
Rn—m < ly'|>2la'| JrRr—m (Y] + ’95” y"|)

Using the Minkowski and Young inequalities we obtain

1/p dy'" p
<[ (L e ) () Jar| -
. ly'[>2]a| o T e (Y[ + ")
p
—m dy// p
=Cr / y/| |f y,a') , 7L77ndy/ </ n) —
( FeLAEL L oo (77 1)
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p
= cg (/ ' -)Hp,andy’> :
ly'|>2la]

Using this last inequality we have

p
T P /d /o, R /7md/ /d/.
Ag:J@Mwﬂx)xs%/;</gﬂwwﬂywmﬂ " y)aﬂx)x

Since B < oo, tee Hardy inequality

P
L/” (@) ]/ 1 gy | da’ <
m [y |>2]’|

<C [ WM gonoahis! =C [ 1@ ola’)da

and C' < ¢B where ¢ depends only on p. In fact the condition B < oo is necessary
and sufficient for the validity of this inequality, (see [1], [13]). Hence, we obtain

n

/W%ﬂﬂ%mwms@/|ﬂM%@wm
RTL

Tow, we estimate [[T2f]| ..+ By the L,(R™) boundedness of T' we have

T2y iy < ST Sraly, iy < 10 Y sup

keZ kez TEFk ()
<ecn Z sup wi(2') ||| f, 2llp, (g, < 12 Z Ifr2llp, gy < csllfllz, @
kez TEEk keZ
Thus
1T flLy 0, &) < €l fllL, o @n)-
We completed the proof of Theorem O

Analogously proved the following weak variant Theorem [§]

Theorem 9. Let p € [1,00) and let T' be a sublinear operator bounded from L,(R™)
to WL,(R"), i.e.,

dr < )\/ x)|Pdx

{zeRn : [Tf(2)[>A}

and satisfying . Moreover, let w, w1 be weight functions on R™ and conditions

(a1), (b1), (c1) be satisfied.
Then there exists a constant ¢, independent of f, such that for all f € L, ,(R™)

oo < 55 [ 7@l (9)

{z€R™ : |Tf(x)|>N}
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We point out that the condition was first introduced by Soria and Weiss in
[15]. The condition is satisfied by many interesting operators in harmonic analy-
sis, such as the Calderon—Zygmund operators, Carleson’s maximal operators, Hardy—
Littlewood maximal operators, C.Fefferman’s singular multipliers, R.Fefferman’s sin-
gular integrals, Ricci—Stein’s oscillatory singular integrals, the Bochner—Riesz means
and so on; see also [15].

Let K is a Calderon—Zygmund kernel and T" be the corresponding integral oper-
ator

Tf(z) = pov. / K(z - y)f(y)dy.
RTL

Then T satisfies the conditions of Theorem 2. Thus, we have

Corollary 7. Let K be a Calderon—Zygmund kernel and T be the corresponding
integral operator. Moreover, let p € (1,00), w(x'),w1(z") be weight functions on R™
and conditions (a1), (b1), (c1) be satisfied. Then inequality is valid.

Theorem 10. Letp € (1,00) and let T' be a sublinear operator bounded from L,(R™)
to Ly(R™) and satisfying (1). Moreover, w(t) be a weight function on (0,00), w1 (t)
be a positive increasing function on (0,00) and conditions (a1), (b1) be satisfied.
Then the ezists a constant C' such that for all f € L, ,(R™)

[ 1mr@ratehas < ¢ [ 5@, (10
R™ R™

Proof. Suppose that f € L,(R",w) and w; are positive increasing functions on (0, c0)
that satisfy the condition (ai), (b1).
Without loss of generality we can suppose that wi may be represented by

wi(t) = wi(0+4) + /;zb(A)dA,

where w1 (04+) = lim;owi(t) and wi(t) > 0 on (0,00). In fact there exists a se-
quence of increasing absolutely continuous functions tw,, such that w,(t) < wi(t)
and lim w,(t) = wi(t) for any ¢ € (0, 00).

n—oo

We have

/ T (&) Peoal2 ) = w1 (0+) / ITf ()Pt
Rn n

||
+/ T () < ¢()\)d)\> dr = Jy + Jo.
R" 0
If w1(04) = 0, then J; = 0. If w1(04) # 0 by the boundedness of T" in L,(R")
thanks to (a;)
h<ew©d) [ |fpds <

n

<c [ Waralehis<e [ If@Po(s

15
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After changing the order of integration in Jo we have

Ja =/0 ¥(A) (/nm /lw/|>)\|Tf(x)|pd3:> d\ <
B C/o v </nm /lz'|>>\ ’T(fx{:v’»/z})(fﬂ)lpdﬂf) dA+
+C/O b(A) </nm /x/>/\ ‘T(fX{|m'|§>\/6})(37)\pdg> d\ = Ja1 + Joa.

Using the boundedness of 7" in L,(R") we obtain

e [Tvo(f, / ')

2y’
—c [ 15w, >||pan< wu)dA)dy'g
Rm™ 2

<o [ 0wy < er [ 1Pl Dy

Let us estimate Jos5. For [2/| > A and |y/| < A\/2 we have |2/|/2 < |2/ — /| <
3|2’| /2, and so

e [ ([ L (o ) ) 25
/ </9:’|>>\/n m (/y|<,\/2/n m (|2'] + |:c”)| //|)ndy> dx) dA.

For z = (2/,2") € R" let

P
)| "
J(', ) / / / dy | dx".
( o m( <A/2 JRn-m \x’|—|—|x” ”Dn

Using the Minkowski and Young inequalities we obtain

p

P 1/p
J .:U/,>\ S / (/ </ ‘f(y)‘ dy//> de'”) dy/ S
o [ w<a/2 \Jra-m \Jra-m (|2/] + |2 — y"|)"
dy“ p
S C / /,' nm/ 7dy/ =
( e Pz | T
p
dy// p
=¢ x/ o / f y/7 - n*mdx/ (/ dy//> =
- ( |y’|§A/2H W)l rr-m (14 [y")"
p
=l ([ e’ )
ly'[<A/2
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Integrating in R™ we get

- p
A I . nemdy’ "1=mPdg | dX =
Jog < C/O P(A) (/x/>)\ </|y/|</\/2 15 ) lpr y) || ff)

oo p
= A)A-metm /- nemdy’ | dA.
e [T ew ( L I y>

The Hardy inequality

PR s ( /y,wwy)\dy) an<c [ 1frellya,

for p € (0, 00) is characterized by the condition C' < ¢.A;, where
o] T , p—1
Ay =sup ( w(t)t_mp+md7> (/ wi=?P (t)dt) < 0.
>0 27 0

Note that
/ ()T P dr = m(p — 1) / Y(r)dr / AN =
2t 2t T
0o A 00
=m(p— 1)/ A=megn [(r)dr < m(p — 1)/ ALEmR G (X)) d .
2t 2t 2t

Condition (b1) of the theorem guarantees that .4; < oo. Hence, applying the
Hardy inequality, we obtain

T < [ 1f@Palla)de.

Combining the estimates of J; and Ji, we get for wi(t) = w1 (04) + fgw(T)dT.
By Fatou’s theorem on passing to the limit under the Lebesgue integral sign, this
implies ([10). The Theorem [10|is proved. O

Corollary 8. Let K be a Calderon—Zygmund kernel and T be the corresponding
operator. Moreover, let p € (1,00) and w, wy be weight functions on (0,00), w(t) be
a weight function on (0,00), wi(t) be a positive increasing function on (0,00) and the
weighted pair (w(|2']), w1(|2'])) satisfies the conditions (a1), (b1). Then inequality

1s valid.
Example 1. Let

iy = { T for te(0,3)
Qﬁ_m(p_l)lnPQ)tﬁ, for te [%,oo)

)

CU].(t) — 20‘_,”1(p_1)to[7 fO’r‘ t c [%7 OO) )

{ tme—1), for te (0, %)
). Then the weighted pair (w(|x|), wi(|x|)) satisfies the

where 0 < a < B < m(p —
condition of Theorem 10

17
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Analogously proved the following weak variant Theorem

Theorem 11. Letp € [1,00) and let T be a sublinear operator bounded from L,(R™)
to WL,(R™) and satisfying (1)). Moreover, let w, wi be weight functions on (0,00),
w(t) be a weight function on (0,00), wi(t) be a positive increasing function on (0, 00)
and the weighted pair (w(|z']), w1(|2'])) satisfies the conditions (a1), (bi1). Then
inequality @ 1s valid.

Corollary 9. Let p € [1,00), K be a Calderon-Zygmund kernel and T be the cor-
responding operator. Moreover, let w, w1 be weight functions on (0,00), w(t) be a
weight function on (0,00), wi(t) be a positive increasing function on (0,00) and the
weighted pair (w(|2'|), wi(|2’])) satisfies the conditions (a1), (b1). Then inequality

@ s valid.

Theorem 12. Let p € (1,00) and let T be a sublinear operator bounded from L,(R™)
to Ly(R™) and satisfying (1)). Moreover, let w, w1 be weight functions on (0,00),
w(t) be a weight function on (0,00), wi(t) be a positive decreasing function on (0, 00)
and the weighted pair (w(|z']), wi(|2’])) satisfies the conditions (a1), (c1). Then
inequality is valid.

Proof. Without loss of generality we can suppose that w; may be represented by

w1(t) = wi(+00) + /too Wp(7)dr,

where wi(+00) = tlim wi(t) and wi(t) > 0 on (0,00). In fact there exists a se-
—00

quence of decreasing absolutely continuous functions w, such that w,(t) < wi(t)
and lim,, o @, (t) = ws(t) for any ¢ € (0,00).
We have

[ 1rf@Pan(ehds = i4o0) [ 15 ot
Rn R™

R ||

If wi(+00) = 0, then Iy = 0. If wi(+00) # 0 by the boundedness of T" in L, (R")

n

Jp < cw1(+oo)/ |f(z)Pdx <

¢ [ 1f@Perlahds < [ p@)Pealds,

After changing the order of integration in Jo we have

Js = /0001/}@) (/m /|z/|<A |Tf(a;)|pda:> dX <
<c [ w0 ( Lo [ T @ dm) ar+
+c/0 </n m//|<A (fX{la|>20p) (@) P dﬂ?) d\ = Ja1 + Jaa.
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Using the boundedness of T in L,(R™) we obtain

Jop < c/ (/n i /y o pdy)
—c [Tt (/W@\f( ST )dt_
—c [ 1M m< B w)cu> W <
o ly'|/2
<o [ RO (417300 < 1 [ )Pl )y

Let us estimate Jaz. For |2/| < A and |y/| > 2\ we have |y/|/2 < |z

> < l2'—y'| < 3ly|/2,
and so

ool (5 o)
p
<e v (/A/ . (/H/ N ”!)”dy> d’“") dA'

For z = (2/,2") € R" let

p
) ,
J(z', N / / / dy | dx
( - m< oo S (EEE

Using the Minkowski and Young inequalities we obtain

p 1/p
< [ (o ) o
( ) [ ly/|>2X n—m Rn—m (’a;’| + ‘x// _ y//’)n Y Y
p
dy"
<c / f y/’ . nm/ ey _
( oo E f T
p
dy” D
= clg!| 7P / f y/’. N </ > _
. < o /o o TH I
p
— /|—mp ’ ,
o C|$ | (/ Hf(y ) ')Hp,andﬂ?) .
ly'|>2X

Integrating in R™ we get

o p
J: A /- nemdy’ "|7"Pdx | dX
e[ vl ( L ( L 56 y) | )
o p
= A)A-mpEm ' nemdy’ | d\.
e [T e ( ORI y>

p
<

19
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The Hardy inequality

o) p
/ PA)A™ (/ Iy’lmllf(y’,-)llp,wmdy> dA < C/ |f W) Pw(ly'dy,
0 [y'[>2X R"

for p € (0,00) is characterized by the condition C' < ¢B;, where

T 0o p—1
By = sup ( / w(t)tmdr> ( / w' P (t)tmp’dt> < 0.
7>0 0 27

/OT Y™ dt = m/OT Y(t)dt /Ot Al =

T t T
:m/ )\m‘ld)\/ Y(T)dr < m/ Ao (N)dA.
0 A 0

Note that

Condition (2) of the theorem guarantees that B; < oo. Hence, applying the
Hardy inequality, we obtain

Oy MR

Combining the estimates of J; and Ja, we get for w1 (t) = wi(+00)+ [ ¢(7)dr.
By Fatou’s theorem on passing to the limit under the Lebesgue integral sign, this
implies . The Theorem |12]is proved. O

Corollary 10. Let p € [1,00), K be a Calderon—Zygmund kernel and T be the
corresponding operator. Moreover, let w, wy be weight functions on (0,00), w(t) be a
weight function on (0,00), wi(t) be a positive decreasing function on (0,00) and the
weighted pair (w(|2'|), wi(|2'])) satisfies the conditions (a1), (c1). Then inequality

1s valid.
Analogously proved the following weak variant Theorem

Theorem 13. Letp € [1,00) and let T' be a sublinear operator bounded from L,(R™)
to WL,(R™) and satisfying . Moreover, let w, wi be weight functions on (0, 00),
w(t) be a weight function on (0,00), wi(t) be a positive decreasing function on (0, 00)
and the weighted pair (w(|x|), wi(|z|)) satisfies the conditions (a1), (c1). Then in-
equality @ s valid.

Corollary 11. Let p € [1,00), K be a Calderon—Zygmund kernel and T be the
corresponding operator. Moreover, let w, wy be weight functions on (0,00), w(t) be a
weight function on (0,00), wi(t) be a positive decreasing function on (0,00) and the
weighted pair (w(|z|), wi(|z|)) satisfies the conditions (a1), (c1). Then inequality
@ 1s valid.

Example 2. Let
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Lpfl for t<d
— t'm t’
1) { (@2 P L), for t>d

where f <v <0, -m<A<a<0,d= em. Then the weighted pair (w(|z|), wi(]z|))
satisfies the condition of Theorem[13.
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