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Abstract. In this paper, we consider a nonlinear ¢-Sturm—Liouville problem on the
whole real axis in which the limit-circle case holds for ¢g-Sturm-Liouville expression at
infinity. We established the existence and uniqueness of solutions for this problem.
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1. Introduction

In the last few decades, the g-difference equations have been studied extensively
because it plays an important role in different mathematical and physical areas,
such as the calculus of variations, mechanics, orthogonal polynomials, statistic
physics, nuclear and high energy physics, conformal quantum mechanics, and
theory of relativity. For a general introduction to the quantum calculus we refer
the reader to the references [16, 11, 7].

Although much work has been done on the existence of solutions of g-differ-
ence equations (see [1, 2, 3, 4, 21, 22, 23, 25, 26, 10, 15, 14, 19, 20, 9]), no one
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has studied the existence of solutions for singular impulsive nonlinear ¢-Sturm-—
Liouville problems that the limit-circle case holds at infinity. Our goal is to
fill the gap in this area by using a special way to pose boundary conditions at
infinity. In the analysis that follows, we will largely follow the development of
the theory in [5, 6, 12].

In the following section, we introduce some necessary fundamental concepts
of quantum calculus. We use the standard notations found in [16, 7].

2. Preliminaries

Let ¢ be a positive number with 0 < ¢ < 1, A C R := (—o00,00) and 0 € A.
A g-difference equation is an equation that contains g-derivatives of a function
defined on A. Let y be a complex-valued function on A. The ¢-difference operator
Dy, the Jackson g-derivative is defined by

y(qz) —y(z)
qr — T

D,y (z) = for all x € A.

Note that there is a connection between ¢-deformed Heisenberg uncertainty rela-
tion and the Jackson derivative on g-basic numbers (see [24]). In the g-derivative,
as ¢ — 1, the g-derivative is reduced to the classical derivative. The ¢-derivative
at zero is defined by

n—o0 q”x

x € A),

if the limit exists and does not depend on z. Since the formulation of the exten-
sion problems requires the definition of D -1 in a same manner to be

@t o) e A\{o},
D, f(0) if =0,

provided that D,f(0) exists. Associated with this operator there is a non-
symmetric formula for the g-differentiation of a product

Dylf(z)g(x)] = g(x) Dy f(x) + f(g2)Dog(x).

A right-inverse to Dy, the Jackson g-integration is given by

/ CfWdt =2 (1-q) S g (") (@ € A),

n=0

provided that the series converges, and

b b a
[ rode= [rmap- [ roaz@e ),
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The g¢-integration for a function is defined in [13] by the formulas

/Ooof@)dqt:(l—q) S @),
0 (e’
[ fodi=-9 3 o),
/ Tt =0 Y @@+ ().

A function f which is defined on A, 0 € A, is said to be g-regular at zero if

lim f (zq") = f(0),

n—oo

for every x € A. Through the remainder of the paper, we deal only with functions
g-regular at zero.

If f and g are g-regular at zero, then we have
/0 g(t) Dyf (t) dqt—/o f(qt) Dag (t) dgt = [ (a) g (a) — £ (0) g (0).

Let L{QI(R) be the space of all real-valued functions defined on R such that

1= ([~ @ae) e

The space L2(R) is a separable Hilbert space with the inner product (see [7, 8])

o= [ T (@) g @) dyr, fg€ I2(R)

The ¢-Wronskian of y (z) and z (x) is defined to be
Wy (4. 2) (@) i= y () Dyz (2) — 2 (2) Dyy (a), @ € R. (1)

Let us consider the following nonlinear ¢-Sturm—Liouville equation
1
Ay = P (p(2)Dgy(z)) + r(z)y(z) = f (2,9 (2)), (2)

where p, r are real-valued functions defined on R and continuous at zero, %, rE
Lé,loc

Denote by D the linear set of all functions y € L{QI(R) such that y and pD,y
are g-regular at zero and A (y) € LZ (R). The operator L defined by Ly = A(y)
is called the mazimal operator on L(R).

(R) and y = y () is a desired solution.
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For every y, z € D we have g-Green’s formula (or g-Lagrange’s identity)

/ (Ly)(z)z(x)dyz —/ y(@)(L2)(x)dgr = [y, z]e — [y, 2o, tER,  (3)
0 0

where [y, 2], := p(z){y(x)Dy-12(x) — Dy-1y(x)z(x)} (see [7, 8]).
It is clear from (3) that limit

[y, Z]j:oo = nh—>rrolo[y’ Z] (iq_n)

exists and is finite for all y, z € D.
For any function y € D, y(0) and (pD,-1y) (0) can be defined by

y(0) == lim y(qg"),
(pDg-1y) (0) := lim (pDy-1y)(q").

These limits exist and are finite (since y and (pD,-1)y are g-regular at zero).
We assume that the following conditions are satisfied:
(A1) The functions p and r are such that all solutions of the the equation

Ay) =0 (4)

belong to LZ (R), i.e., Weyl limit-circle case holds for the g-Sturm-Liouville
expression A [8].
(A2) The function f (z,y) is a real-valued and continuous in (z,¢) € R xR, and

[f (2,0 < g (@) + pld] ()

for all (z,¢) in R x R, where g(z) > 0, g € L2 (R), and g is a positive
constant.
Denote by u(z) and v (z) the solution of the equation (4) satisfying the
initial conditions

u(0) =0, (pDy-1u) (0) =1, v(0) = —1, (pDy-1v)) (0) = 0. (6)

Since the Wronskian of any two solutions of equation (4) are constant, we have
Wy (u,v) = 1. Then, u and v are linearly independent and they form a fun-
damental system of solutions of equation (4). By the condition (Al), we get
u,v € L(21 (R) and moreover, u,v € D. So, the values [y, u] 100 and [y, v]1co exist
and are finite for every y € D. By using Green’s formula (3) and the conditions
(6), we can get

0
mwmzy@—/ u (@) (Ay) (x) dga,

.
mmmzwmqw@—/ v () (Ay) (2) dyz,

L (7)
mﬂm=(®+[_u@NMH@%%

o0

wﬂm=@%4w@+/ v (2) (Ay) (&) dye.

— 00
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Now, we will add to problem (2) the boundary conditions

[y, U] —oo COS @ + [y, V] — oo sin @ = €7,
[, U) oo €OS B + [, V] oo SIN B = 2,
where a, 5 € R,
(A3) p:=cosasinf —cosfsina # 0,
and c1, co are arbitrary given real numbers.
Since the function y in (8) satisfies equation (2), we have

0

] —oe = 5 (0) — / w(@) f (2,9 (2)) dya,
.
0] oo = (pDy-19) (0) — / o (@) f (2,9 (2)) dga,

s tlo = 3 (0) + / T u@) @,y (@) dy,

[, 0)oe = (D 19) (0) + / T 0 (@) f @y (@) dye

3. Green’s Function

In this section, we consider the Green’s function for the boundary-value problem
(2), (8). Then, we define a fixed point problem by using the Green’s function.
Consider the linear boundary value problem

_%Dq*1 (p(2)Dgy(x)) +r(2)y(z) = g (2), z €R, g € L7 (R) 9)

[y, u] —oo cOS + [y, V] oo sinax = 0, @ € R,
[y, uloo cos B + [y, V] sin 3 = 0, B €R,

where y is a desired solution, u and v are solutions of equation (4) under the
conditions (6).
Set

(10)

p(x) =cosau(z) +sinav (z), ¥ (x) = cos fu (x) + sin fv (), (11)

where W, (¢, 1) = cosasin § — cos Bsinaw = W. It is clear that these functions
are solutions of equation (4) and are in L? (R) . Further, we have

[p,uls = ¢ (0) = —sina, [p,v]; = (quﬂ(p) (0) = cos v, (12)
[, u]ls = (a) = —sin B, [Y,v], = (qu_lw) (0) = cos 8, (13)
[0, U] 400 = —sine, [p,v]4e = cosa, (14)

[, u] 400 = —sin B, [th,v]100 = cos .
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Define the Green’s function of the boundary-value problem (9)-(10) by the for-
mula

(15)

@)
G 1) = — B2 i —oo <t <a < oo,
—M if —co<ax<t<oo.

Since ¢,9 € L2 (R), G (z,t) is a g-Hilbert-Schmidt kernel, i.e.,

|G (x,1)]? dyad,t < . (16)
L]

Theorem 3.1. The function
/ G (z,t) g(t)dgt, = € R, (17)

is the unique solution of the boundary-value problem (9)-(10).

Proof. Using the variation of constants formula, the general solution of equation
(9) has the form

v (2) =hap (@) + kb (2) + L w<>/xw@wmwma

(18)
/ ¥ (qt) g(qt)d
where k1 and ko are arbitrary constants.
By (18), we get
(qu_ly) ({E) :kl (qu_1QD) (if) + k2 (qu_lw) ({E)
L 0D0) @) [ ol alat)dyt
- % (pDg-19) (x) /mw (qt) g(qt)dqt.
Hence, we have
x) {y(x)quu(x) - Dq71y(x)u(a:)}
vl + kel + L ovds [ (at) glatidt
__% / ¥ (qt) g(qt)dgt = —kqsina — ko sin 8
(19)

——smﬁ/ (qt) g(qt)dqt + Wsma/ ¥ (qt) g(gt)dgt

= — kysina — kysin 8 + W / (—sin By (qt) + sin ayp (qt)) g(gt)dqt
=—kysina — kasin 5+ % / u(qt) g(qt)dqt.

— 00
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Likewise
Jo = p(2) {y(z) — Dyry(z)v(a)}

=kl vl + kol ol + T ol / " o (at) glat)dyt

—0o0

WQO, / ¥ (qt) g(qt)dgt = k1 cosa + ko cos

+ = COSB/ g(qt)dgt — cosa/ P (qt) g(qt)dgt (20)

=kj cosa + ko cos 8+ — / —cos By (qt) + cosar) (gt)) g(gt)d,t

=k cosa + ko cos 8 + W / v (gt) g(gqt)dgt.

From (19) and (20), we get

[y, u] —co = —k1 sina — ko sin 3,

[y, V]—0o = k1 cosa + kg cos 5.
Substituting (21) into (10), we obtain
ko (cosasin 8 —sinacos8) =0, kW =0,

i.e., ko = 0. Further, we have

[y, u]oo = —k1sina + u (qt) g(qt)dqt,

+ L
w
9.0l = hrcosa+ L / v (at) g(atdst

From the conditions (10), we have

k1 (—sinacos 8+ cosasin ) + q/ [cos Bu (qt) + sin Bv (qt)] g(gt)d,t = 0.

— 00

[ vt

Hence,

By (18), we get

v = —L [ ot v @ gaae— L [ o) sladyt

i.e., (15) and (17) hold. n
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Theorem 3.2. The unique solution of the equation (9) under the conditions (8)
is given by the formula

y<x>=w<x>+/_oo G (,1) 9 (1) dyt,

where
C2

w(@) = 20 (@) - 7 (@)

Proof. By the conditions (12)-(14), the function w (z) is a unique solution of
the equation (4) satisfying the conditions (8). By Theorem 3.1 the function
(G(x,.),9(.)) a unique solution of the equation (9) satisfying the conditions
(10). This completes the proof. ]

From Theorem 3.2, the boundary-value problem (2), (8) in L2 (R) is equiva-
lent to the nonlinear ¢-integral equation

v =w@+ [ Gy (22)

where the functions w () and G (x,t) are defined above. Hence, we shall study
the equation (22).

By (5) and (16), we can define the operator T' : LZ (R) — L2 (R) by the
formula

(Ty) (2) = w (z) + /jo G(z,t) f (t,y (1) dgt, = €R, (23)

where y,w € L2 (R). Then the equation (22) can be written as y = T'y.
Now, our next goal is to search the fixed points of the operator T' because it
is equivalent to solving the equation (22).

4. The Fixed Points of the Operator T

In this section, we investigate the fixed points of the operator T' by using the
following Banach fixed point theorem.

Definition 4.1. [17] Let A be a mapping of a metric space R into itself. Then x
is called a fized point of A if Ax = x. Suppose there exists a number a < 1 such
that

p(Az, Ay) < ap (z,y)

for every pair of points x,y € R. Then A is said to be a contraction mapping.

Theorem 4.2. [17] Every contraction mapping A defined on a complete metric
space R has a unique fixed point.
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Theorem 4.3. Suppose that the conditions (A1), (A2) and (A8) are satisfied.
Further, let the function f(x,y) satisfy the following Lipschitz condition: there
ezist a constant K > 0 such that

o0

/mLﬂayu»—f@z(»|dx<K{/ (@) — 2@ der (24)

— 00 — 00

forally, z € L(21 (R). If

(/ / a:t|dxdt)1/2<1, (25)

then the boundary-value problem (2), (8) has a unique solution in L (R).

Proof. 1t is sufficient to show that the operator T is a contraction operator. For
y,z € L2 (R), we have

Ty) (@) - (T2) (@)
‘/'c;xt (ty (8) — 1 (2 ()] dgt

2

Sf.' @Jﬂdﬁ/;lf@yﬁﬂ—f@w@Df%t

SKﬂw—dV/ G (&, )7 dgt, = € R
—00

Thus, we get
[Ty —Tz|| < alfly — =],
where
1/2
a= </ / a:t|dxdt) <1,
i.e., T' is a contraction mapping. [ ]

Now, we claim that the function f (z,y) satisfies a Lipschitz condition on a
subset of L2 (R) but not of the whole space.

Theorem 4.4. Suppose that the conditions (A1), (A2) and (A3) are satisfied. In
addition, let the function f (x,y) satisfy the following Lipschitz condition: there
exist constants M, K > 0 such that

/mLﬂaym»—f@z<»|dx<hﬂ£wwo»—awf%x (26)

—00
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for all y and z in Sy = {y € Lg (R) : ly] < M}, where K may depend on M.

If
{/o;|w(x)|2dqx} (/ / G (z,t) dwdt)1/2
27
< s { [ Z|f<t,y<t>>|2dqt}l/2<M -
and

00 S 1/2
K(/ / |G(x,t)|2dqxdqt) <1, (28)

then the boundary-value problem (2), (8) has a unique solution with

/ ly () dgw < M2.

— 0o

Proof. Tt is clear that Sy is a closed set of L§ (R). Firstly, we will prove that
the operator T" maps Sj; into itself. For y € Sy, we have

]wm+/°;G<.,t)f(t,y<t)>dqt
< ol + H/Zac,wfu,y(t»dqt
<lel+ ([ [ 6@ t)m

< s {[ ucaara t} <

ThUS, T: S]yj — S]y[.
We now proceed analogously to the proof of Theorem 4.3. So, we can get

1Tyl =

Ty —Tz|| <ally—z|, y,z € Sum, o < 1.

If we apply the Banach fixed point theorem, then we obtain a unique solution
of the boundary-value problem (2), (8) in Shs. |

5. An Existence Theorem Without Uniqueness

In this section, we shall prove an existence theorem without uniqueness of solu-
tion, using the following Schauder fixed point theorem:

Definition 5.1. [12] An operator acting in a Banach space is said to be completely
continuous if it is continuous and maps bounded sets into relatively compact sets.
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Theorem 5.2. [12] Let B be a Banach space and S a nonemty bounded, convez,
and closed subset of B. Assume that A : B — B is a completely continuous
operator. If the operator A leaves the set S invariant, i.e., if A(S) C S, then A
has at least one fized point in S.

Theorem 5.3. The operator T defined by (23) is completely continuous operator
under the conditions (A1), (A2) and (A3).

Proof. Let yo € Lg (R). Then, we obtain
y) (z) — (Tyo) ()|
\/ G (@ t)[F (1.9 (1) — (. ()] dyt

2

_/_ I (xt>|dt/_ 1F (6 y (8) — F (o (£))2 dyt.

Thus
1Ty — Tyl < K / 1ty (1) — F (o () dat, (20)

_ (/o:o /0; |G(x,t)|2dqxdqt) .

We know that an operator F' defined by Fy (z) = f (z,y (x)) is continuous
in L2 (R) under the condition (A2) ( see [18]). Hence, for the given ¢ > 0, we
can find a § > 0 such that ||y — yo|| < ¢ implies

where

|1t - s @F <

From (29), we get
1Ty = Tyoll <e,

i.e., T is continuous.
Set Y = {y € L2(R) : [y < C}. By (23), we have

00 1/2
1Tyl <l + {K / |f<t,y<t>>|2dqt} ,

— 00

for all y € Y. Furthermore, using (5), we get

[ wevofars [ o0+ i i

—00 —o0

< [ [P0+ OF] e =2 (ol + 2 1o]?)

— 00

<2(g]* + 12C?).
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Thus, for all y € Y, we obtain

1/2
17yl < el + [25 (19> + p2c2)]

ie., T (Y) is a bounded set in LZ (R).
Further, for all y € Y, we have

/N Ty (z )|2dx+/ Ty () dyo

2(||g]? +u202{/ / xt|da:dt+/ / a:t|dxdt}

So, from (16), we see that for given € > 0 there exists a positive number N,
depending only on € such that

N oo
/ Ty (o) dgee + /N Ty ()] dgae < €2,

—o0
for all y € Y.

Thus T (Y) is a relatively compact in L§ (R), i.e., the operator T is completely
continuous. n

Theorem 5.4. Suppose that the conditions (A1), (A2) and (A3) are satisfied. In
addition, there exist constants M > 0 such that

(e o[ oracsd)

x;'e‘?i,{/w'f(’ (1) dqt} <,

where Spr = {y € L2 (R) : ||yl < M} . Then the boundary-value problem (2), (8)
has at least one solution with

/ Iy (2) > dgw < M2.

(30)

Proof. Let us define an operator 7' : L2 (R) — L2 (R) by (23). From Theo-
rems 4.4, 5.3 and (30), we conclude that 7" maps the set Sy, into itself. It is
clear that the set Sy is bounded, convex and closed. Using by Theorem 5.2, the
theorem follows. |
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