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Ðàññìàòðèâàåòñÿ ñïåêòðàëüíàÿ çàäà÷à, âîçíèêàþùàÿ ïðè îïèñàíèè èçãèáíûõ êîëåáàíèé
îäíîðîäíîãî ñòåðæíÿ, â ñå÷åíèÿõ êîòîðîãî äåéñòâóåò ïðîäîëüíàÿ ñèëà, ëåâûé êîíåö êîòî-
ðîãî çàêðåïë¼í, a íà ïðàâîì êîíöå ñîñðåäîòî÷åí èíåðöèîííûé ãðóç. Äà¼òñÿ îáùàÿ õàðàêòå-
ðèñòèêà ðàñïîëîæåíèÿ ñîáñòâåííûõ çíà÷åíèé íà âåùåñòâåííîé îñè, èçó÷àþòñÿ ñòðóêòóðà
êîðíåâûõ ïîäïðîñòðàíñòâ è îñöèëëÿöèîííûå ñâîéñòâà ñîáñòâåííûõ ôóíêöèé, èññëåäóþòñÿ
áàçèñíûå ñâîéñòâà â ïðîñòðàíñòâå Lp, 1 < p < ∞, ñèñòåìû ñîáñòâåííûõ ôóíêöèé ýòîé
çàäà÷è.
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1. Ââåäåíèå. Ðàññìîòðèì îäíîðîäíóþ áàëêó Ýéëåðà�Áåðíóëëè ñ äëèíîé L, ïëîòíîñòüþ
ρ è ïëîùàäüþ ïîïåðå÷íîãî ñå÷åíèÿ F, ëåâûé êîíåö êîòîðîé çàäåëàí, à íà ïðàâîì êîíöå ñîñðå-
äîòî÷åí ãðóç ìàññîé m è ìîìåíòîì èíåðöèè I. Ñâîáîäíûå èçãèáíûå êîëåáàíèÿ îäíîðîäíîãî
ñòåðæíÿ ñ ïîñòîÿííîé æ¼ñòêîñòüþ, â ñå÷åíèÿõ êîòîðîé äåéñòâóåò ïðîäîëüíàÿ ñèëà, îïèñûâà-
þòñÿ óðàâíåíèåì [1, c. 152]
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Åñëè ëåâûé êîíåö çàäåëàí, à íà ïðàâîì êîíöå ðàñïîëîæåí ñîñðåäîòî÷åííûé èíåðöèîííûé ãðóç,
òî êðàåâûå óñëîâèÿ çàïèñûâàþòñÿ â ñëåäóþùåì âèäå [1, c. 153�154]:
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Ââîäÿ îáîçíà÷åíèÿ x = X/L, u = U/L, çàïèøåì óðàâíåíèå ñâîáîäíûõ èçãèáíûõ êîëåáà-
íèé îäíîðîäíîãî ñòåðæíÿ è êðàåâûå óñëîâèÿ â âèäå
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2 ÀËÈÅÂ è äð.

Îáîçíà÷èì ρFL4ω2/(EI) ÷åðåç λ. Òîãäà ïîñòàâëåííàÿ âûøå çàäà÷à î ñâîáîäíûõ èçãèáíûõ
êîëåáàíèÿõ ñòåðæíÿ çàìåíîé u(x, t) = y(x) cos(ωt) [1, c. 193] ñâîäèòñÿ ê ñëåäóþùåé ñïåêòðàëü-
íîé çàäà÷å:

`(y)(x) ≡ y(4)(x)− (q(x)y′(x))′ = λy(x), 0 < x < 1, (1.1)

U1(λ, y) ≡ y(0) = 0, U2(λ, y) ≡ y′(0) = 0, (1.2)

U3(λ, y) ≡ y′′(1)− a1λy
′(1) = 0, (1.3)

U4(λ, y) ≡ Ty(1)− a2λy(1) = 0, (1.4)

ãäå q(x) ≡ N(x), T y ≡ y′′′ − qy′, a1 = I/(ρFL3), a2 = m/(ρFL).
Çàìåòèì, ÷òî âûïîëíÿþòñÿ óñëîâèÿ

q(x) > 0, x ∈ [0, 1], a1 > 0, a2 > 0.

Äàëåå ñ÷èòàåì, ÷òî q(x) � àáñîëþòíî íåïðåðûâíàÿ íà ïðîìåæóòêå [0, 1] ôóíêöèÿ.
Ñïåêòðàëüíûå ñâîéñòâà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñî ñïåêòðàëüíûì

ïàðàìåòðîì â ãðàíè÷íûõ óñëîâèÿõ â ðàçëè÷íûõ ïîñòàíîâêàõ çàäà÷ èçó÷àëèñü â áîëüøîì ÷èñëå
ðàáîò. Â ÷àñòíîñòè, áàçèñíûå ñâîéñòâà ñèñòåì êîðíåâûõ ôóíêöèé â ïðîñòðàíñòâå Lp, 1 <
< p < ∞, çàäà÷è Øòóðìà�Ëèóâèëëÿ ñî ñïåêòðàëüíûì ïàðàìåòðîì â ãðàíè÷íûõ óñëîâèÿõ
èññëåäîâàëèñü â ðàáîòàõ [2�11], à ñïåêòðàëüíîé çàäà÷è äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ÷åòâ¼ðòîãî ïîðÿäêà ñî ñïåêòðàëüíûì ïàðàìåòðîì â îäíîì èç ãðàíè÷íûõ óñëîâèé �
â ðàáîòàõ [12�15].

Â ðàáîòå [16] èçó÷åíû ðàñïîëîæåíèå ñîáñòâåííûõ çíà÷åíèé â êîìïëåêñíîé ïëîñêîñòè (íà âå-
ùåñòâåííîé îñè), ñòðóêòóðà êîðíåâûõ ïîäïðîñòðàíñòâ, îñöèëëÿöèîííûå ñâîéñòâà ñîáñòâåííûõ
ôóíêöèé è èõ ïðîèçâîäíûõ, ïîëó÷åíû àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ñîáñòâåííûõ çíà÷åíèé
è ñîáñòâåííûõ ôóíêöèé, èññëåäîâàíû áàçèñíûå ñâîéñòâà ïîäñèñòåì ñîáñòâåííûõ ôóíêöèé çà-
äà÷è (1.1)�(1.4) ïðè a1 > 0, a2 < 0. Â [16] óñòàíîâëåíû íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå,
à òàêæå äîñòàòî÷íûå óñëîâèÿ äëÿ áàçèñíîñòè â Lp(0, 1), 1 < p < ∞, ñèñòåìû ñîáñòâåííûõ
ôóíêöèé çàäà÷è (1.1)�(1.4) ïîñëå óäàëåíèÿ äâóõ ôóíêöèé. Íàõîæäåíèå äîñòàòî÷íûõ óñëîâèé
îñíîâàíî íà àñèìïòîòèêå ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé è íà îñöèëëÿöèîííûõ
ñâîéñòâàõ ñîáñòâåííûõ ôóíêöèé è èõ ïðîèçâîäíûõ.

Îòìåòèì, ÷òî çíàêè ïàðàìåòðîâ a1 è a2 èãðàþò â ðàññìàòðèâàåìûõ âîïðîñàõ ñóùåñòâåí-
íóþ ðîëü. Åñëè a1 > 0 è a2 < 0, òî çàäà÷à (1.1)�(1.4) � ýòî ñïåêòðàëüíàÿ çàäà÷à äëÿ ñà-
ìîñîïðÿæ¼ííîãî îïåðàòîðà â ãèëüáåðòîâîì ïðîñòðàíñòâå H = L2(0, 1)

⊕
C2. Åñëè a1 > 0 è

a2 > 0, òî ýòà çàäà÷à ýêâèâàëåíòíà ñïåêòðàëüíîé çàäà÷å äëÿ íåêîòîðîãî J -ñàìîñîïðÿæ¼ííîãî
îïåðàòîðà â ïðîñòðàíñòâå Ïîíòðÿãèíà Π1 = L2(0, 1)

⊕
C2 (ñì., íàïðèìåð, [2, 7, 9, 10, 17�20]).

Â ñëó÷àå a1 > 0 è a2 < 0 ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (1.1)�(1.4) ÿâëÿþòñÿ ïîëîæèòåëüíûìè,
ïðîñòûìè è îáðàçóþò íåîãðàíè÷åííóþ âîçðàñòàþùóþ ïîñëåäîâàòåëüíîñòü. Â ñëó÷àå a1 > 0
è a2 > 0 â íàñòîÿùåé ðàáîòå äîêàçûâàåòñÿ, ÷òî âñå ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (1.1)�(1.4)
âåùåñòâåííûå è ïðîñòûå, ñðåäè íèõ ðîâíî îäíî îòðèöàòåëüíîå, à îñòàëüíûå � ïîëîæèòåëüíûå,
îáðàçóþùèå ñòðåìÿùóþñÿ ê áåñêîíå÷íîñòè ïîñëåäîâàòåëüíîñòü.

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå ðàñïîëîæåíèÿ ñîáñòâåííûõ çíà÷åíèé íà
âåùåñòâåííîé îñè, ñòðóêòóðû êîðíåâûõ ïîäïðîñòðàíñòâ è áàçèñíûõ ñâîéñòâ â ïðîñòðàíñòâå
Lp, 1 < p <∞, ñèñòåìû ñîáñòâåííûõ ôóíêöèé çàäà÷è (1.1)�(1.4) ïðè a1 > 0 è a2 > 0.

2. Íåêîòîðûå âñïîìîãàòåëüíûå ôàêòû è óòâåðæäåíèÿ. Ââåä¼ì ñëåäóþùèå ãðàíè÷-
íûå óñëîâèÿ (ñì. [21, 22]):

Ũ3(λ, y) ≡ y′(1) cos γ + y′′(1) sin γ = 0, (2.1)

Ũ4(λ, y) ≡ y(1) cos δ − Ty(1) sin δ = 0, (2.2)

ãäå γ, δ ∈ [0, π/2].
Íàðÿäó ñ êðàåâîé çàäà÷åé (1.1)�(1.4) ðàññìîòðèì êðàåâûå çàäà÷è (1.1), (1.2), (2.1), (2.2) è

(1.1), (1.2), (2.1), (1.4). Çàäà÷à (1.1), (1.2), (2.1), (2.2) â áîëåå îáùåé ïîñòàíîâêå ðàññìîòðåíà â
[21, 22], a çàäà÷à (1.1), (1.2), (2.1), (1.4), â ñëó÷àå, êîãäà ãðàíè÷íûå óñëîâèÿ (1.2) è (1.4) èìåþò
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Î ÑÕÎÄÈÌÎÑÒÈ ÐÀÇËÎÆÅÍÈÉ ÏÎ ÑÎÁÑÒÂÅÍÍÛÌ ÔÓÍÊÖÈßÌ 3

áîëåå îáùèå ôîðìû, ðàññìîòðåíà â [15] (ñì. òàêæå [12�14, 23]). Â ðàáîòàõ [21, 22] èññëåäîâàëèñü
îñöèëëÿöèîííûå ñâîéñòâà ñîáñòâåííûõ ôóíêöèé è èõ ïðîèçâîäíûõ, à â ðàáîòàõ [12�15, 23] �
îñöèëëÿöèîííûå ñâîéñòâà ñîáñòâåííûõ ôóíêöèé è áàçèñíûå ñâîéñòâà â ïðîñòðàíñòâå Lp, 1 <
< p <∞, ñèñòåì ñîáñòâåííûõ ôóíêöèé ðàññìàòðèâàåìûõ çàäà÷.

Ñëåäóþùàÿ òåîðåìà ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì îñíîâíîãî ðåçóëüòàòà èç [21].
Òåîðåìà 2.1 (ñì. [21, òåîðåìû 5.4 è 5.5]). Ñîáñòâåííûå çíà÷åíèÿ êðàåâîé çàäà÷è (1.1),

(1.2), (2.1), (2.2) ÿâëÿþòñÿ ïîëîæèòåëüíûìè, ïðîñòûìè è îáðàçóþò íåîãðàíè÷åííî âîçðàñ-

òàþùóþ ïîñëåäîâàòåëüíîñòü {λk((γ, δ)}∞k=1. Ñîáñòâåííàÿ ôóíêöèÿ y
(γ,δ)
k (x), ñîîòâåòñòâó-

þùàÿ ñîáñòâåííîìó çíà÷åíèþ λk(γ, δ), èìååò â òî÷íîñòè k− 1 ïðîñòûõ íóëåé â èíòåðâà-
ëå (0, 1).

Èç äîêàçàòåëüñòâà óòâåðæäåíèÿ (i) òåîðåìû 4.1 ðàáîòû [15] ñëåäóåò, ÷òî äëÿ çàäà÷è (1.1),
(1.2), (2.1), (1.4) èìååò ìåñòî ñëåäóþùàÿ

Òåîðåìà 2.2. Äëÿ êàæäîãî ôèêñèðîâàííîãî γ ∈ [0, π/2] ñóùåñòâóåò íåîãðàíè÷åííî âîç-
ðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü ïðîñòûõ ñîáñòâåííûõ çíà÷åíèé λ1(γ), λ2(γ), . . . , λk(γ),
. . . êðàåâîé çàäà÷è (1.1), (1.2), (2.1), (1.4). Êðîìå òîãî, ýòè ñîáñòâåííûå çíà÷åíèÿ èìåþò
ñëåäóþùåå ðàñïîëîæåíèå íà âåùåñòâåííîé îñè:

λ1(γ) ∈ (−∞, 0), λk(γ) ∈ (λk−1(γ, π/2), λk−1(γ, 0)), k = 2, 3, 4, . . .

Â ãèëüáåðòîâîì ïðîñòðàíñòâå H = L2(0, 1)
⊕

C ñî ñêàëÿðíûì ïðîèçâåäåíèåì

(ŷ, v̂) = ({y,m}, {v, s}) = (y, v)L2 + a−1
2 ms̄,

ãäå (y, v)L2 � ñêàëÿðíîå ïðîèçâåäåíèå â L2(0, 1), îïðåäåëèì îïåðàòîð

Bŷ = B{y,m} = {`(y), T y(1)}

ñ îáëàñòüþ îïðåäåëåíèÿ D(B) = {{y(x),m} : y ∈ W 4
2 (0, 1), `(y) ∈ L2(0, 1), y(0) = y′(0) =

= y′(1) cos γ + (py′′)(1) sin γ = 0, m = a2y(1)}, ÿâëÿþùåéñÿ âñþäó ïëîòíîé â H (ñì. [24]).
Òîãäà çàäà÷à (1.1), (1.2), (2.1), (1.4) ïðèîáðåòàåò âèä

Bŷ = λŷ, ŷ ∈ D(B),

ò.å. ñîáñòâåííûå çíà÷åíèÿ λk, k ∈ N, îïåðàòîðà B è çàäà÷è (1.1), (1.2), (2.1), (1.4) ñîâïàäà-
þò ìåæäó ñîáîé (ñ ó÷¼òîì èõ êðàòíîñòè), à ìåæäó êîðíåâûìè ôóíêöèÿìè èìååòñÿ âçàèìíî
îäíîçíà÷íîå ñîîòâåòñòâèå: yk(x)↔ ŷk = {yk(x),mk}, mk = a2yk(1).

Çàìåòèì, ÷òî B ÿâëÿåòñÿ çàìêíóòûì (íåñàìîñîïðÿæ¼ííûì) îïåðàòîðîì â H ñ êîìïàêòíîé
ðåçîëüâåíòîé.

Îïðåäåëèì îïåðàòîð J̃ : H → H ñëåäóþùèì îáðàçîì: J̃{y,m} = {y,−m}. Ýòîò îïåðàòîð
ïîðîæäàåò ïðîñòðàíñòâî Ïîíòðÿãèíà Π̃1 = L2(0, 1)

⊕
C ñ âíóòðåííèì ïðîèçâåäåíèåì (ñì.

[15, 19])
[ŷ, v̂]1 = (ŷ, v̂)Π̃1

= ({y,m}, {v, s})Π̃1
= (y, v)L2 − a−1

2 ms̄.

Â ñèëó [15, òåîðåìà 2.1] îïåðàòîð B ÿâëÿåòñÿ J̃ -ñàìîñîïðÿæ¼ííûì è J̃ -ïîëîæèòåëüíûì â Π̃1.
Ïóñòü R[ŷ] � îòíîøåíèå Ðåëåÿ, ò.å.

R[ŷ] =
[Bŷ, ŷ]1
[ŷ, ŷ]1

=

( 1∫
0

y2(x) dx− a2y
2(1)

)−1( 1∫
0

y′′2(x) dx+

1∫
0

q(x)y′2(x) dx+N [y]

)
,

ãäå N [y] = y′2(1) cot γ ïðè γ 6= 0, N [y] = 0 ïðè γ = 0.
Â ñèëó [25, ïðåäëîæåíèå 2] (ñì. òàêæå [26]) èìååì

λ1(γ) = inf
L⊂M−

sup
ŷ∈L

R[ŷ], λk(γ) = sup
L⊂M+

sup
V(k−2)⊂L

inf
ŷ∈L

[ŷ,V(k−2)]=0

R[ŷ], k = 2, 3, (2.3)
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4 ÀËÈÅÂ è äð.

ãäå L � ìíîæåñòâî âåêòîðîâ ŷ = {y,m} ∈ Π̃1 òàêèõ, ÷òî ôóíêöèÿ y óäîâëåòâîðÿåò ãðàíè÷íûì

óñëîâèÿì (1.2), (2.1), (1.4), V (k) � ïðîèçâîëüíîå ìíîæåñòâî ëèíåéíî íåçàâèñèìûõ âåêòîðîâ

{v̂j}kj=1 ∈ Π̃1, v̂j = {vj , sj}, òàêèõ, ÷òî ôóíêöèè vj , j = 1, k, óäîâëåòâîðÿþò ãðàíè÷íûì

óñëîâèÿì (1.2), (2.1), (1.4), à Mν , ν = ±, � ìíîæåñòâî âåêòîðîâ v̂ ∈ Π̃1 òàêèõ, ÷òî ν[v̂, v̂]1 > 0.
Èìååò ìåñòî ñëåäóþùåå ñâîéñòâî ñîáñòâåííûõ çíà÷åíèé çàäà÷è (1.1), (1.2), (2.1), (1.4), à

èìåííî:
Òåîðåìà 2.3. Êàê ôóíêöèè ïàðàìåòðà γ ∈ [0, π/2] îòðèöàòåëüíîå ñîáñòâåííîå çíà÷å-

íèå çàäà÷è (1.1), (1.2), (2.1), (1.4) ÿâëÿåòñÿ íåïðåðûâíîé, ñòðîãî âîçðàñòàþùåé ôóíêöèåé, à
ïîëîæèòåëüíûå ñîáñòâåííûå çíà÷åíèÿ ýòîé çàäà÷è ÿâëÿþòñÿ íåïðåðûâíûìè ñòðîãî óáûâà-
þùèìè ôóíêöèÿìè.

Äîêàçàòåëüñòâî ýòîé òåîðåìû ïðîâîäèòñÿ ïî ñõåìå äîêàçàòåëüñòâà òåîðåìû 9 ìîíîãðà-
ôèè [27, ñ. 397] ñ èñïîëüçîâàíèåì ñîîòíîøåíèé (2.4).

Èç òåîðåìû 2.3 ñëåäóåò, ÷òî

λ1(0) < λ1(π/2) < 0 < λ2(π/2) < λ2(0) < λ3(π/2) < . . . (2.4)

3. Åäèíñòâåííîñòü è îñíîâíûå ñâîéñòâà ðåøåíèé çàäà÷è (1.1), (1.2), (1.4). Â äàëü-
íåéøåì íàì ïîíàäîáèòñÿ ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 3.1. Äëÿ êàæäîãî ôèêñèðîâàííîãî λ ∈ C ñóùåñòâóåò åäèíñòâåííîå ñ òî÷íî-
ñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ íåòðèâèàëüíîå ðåøåíèå y(x, λ) çàäà÷è (1.1), (1.2), (1.4).

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç zk(x, λ), k = 1, 4, ðåøåíèå óðàâíåíèÿ (1.1), íîðìèðî-
âàííîå ïðè x = 0 óñëîâèÿìè Êîøè

z
(s−1)
k (0, λ) = δks, s = 1, 3, T zk(0, λ) = δk4, (3.1)

ãäå δks � ñèìâîë Êðîíåêåðà.
Áóäåì èñêàòü ôóíêöèþ y(x, λ) â âèäå

y(x, λ) = C1z1(x, λ) + C2z2(x, λ) + C3z3(x, λ) + C4z4(x, λ), (3.2)

ãäå Ck, k = 1, 4, � íåêîòîðûå ïîñòîÿííûå.
Â ñèëó ðàâåíñòâ (3.1) è ãðàíè÷íûõ óñëîâèé (1.2), (1.4) èç ïðåäñòàâëåíèÿ (3.2) ñëåäóåò, ÷òî

C1 = C2 = 0 è

C3(Tz3(1, λ)− a2λz3(1, λ)) + C4(Tz4(1, λ)− a2λz4(1, λ)) = 0.

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà òåîðåìû äîñòàòî÷íî ïîêàçàòü, ÷òî

|Tz3(1, λ)− a2λz3(1, λ)|+ |Tz4(1, λ)− a2λz4(1, λ)| > 0. (3.3)

Ïóñòü λ ∈ C\R. Åñëè äëÿ íåãî íå âûïîëíÿåòñÿ íåðàâåíñòâî (3.3), òî ôóíêöèè z3(x, λ) è
z4(x, λ) ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷è (1.1), (1.2), (1.4). Îïðåäåëèì ôóíêöèþ v(x, λ) ñëåäóþ-
ùèì îáðàçîì:

v(x, λ) = z′4(1, λ)z3(x, λ)− z′3(1, λ)z4(x, λ).

Òàê êàê v′(1, λ) = 0, òî ôóíêöèÿ v(x, λ) ÿâëÿåòñÿ ñîáñòâåííîé ôóíêöèåé ñïåêòðàëüíîé çàäà÷è
(1.1), (1.2), (2.1), (1.4) ïðè γ = 0, ñîîòâåòñòâóþùåé ñîáñòâåííîìó çíà÷åíèþ λ. Â ñèëó òåîðåìû
2.2 èìååì âêëþ÷åíèå λ ∈ R, êîòîðîå ïðîòèâîðå÷èò ïðåäïîëîæåíèþ λ ∈ C\R.

Ïóñòü òåïåðü λ ∈ R è íåðàâåíñòâî (3.3) íå âûïîëíÿåòñÿ. Â ýòîì ñëó÷àå, íàðÿäó c ôóíêöèåé
v(x, λ), îïðåäåëèì ôóíêöèþ

w(x, λ) = z′′4 (1, λ)z3(x, λ)− z′′3 (1, λ)z4(x, λ).

Òàê êàê w′′(1, λ) = 0, òî ôóíêöèÿ w(x, λ) ÿâëÿåòñÿ ñîáñòâåííîé ôóíêöèåé ñïåêòðàëüíîé
çàäà÷è (1.1), (1.2), (2.1), (1.4) ïðè γ = π/2, ñîîòâåòñòâóþùåé ñîáñòâåííîìó çíà÷åíèþ λ ∈ R.
Ñ äðóãîé ñòîðîíû, â ñèëó ïðèâåä¼ííûõ âûøå ðàññóæäåíèé λ ÿâëÿåòñÿ òàêæå ñîáñòâåííûì
çíà÷åíèåì çàäà÷è (1.1), (1.2), (2.1), (1.4) ïðè γ = 0, ÷òî ïðîòèâîðå÷èò ñîîòíîøåíèþ (2.4).
Òåîðåìà äîêàçàíà.
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Çàìå÷àíèå 3.1. Èç äîêàçàòåëüñòâà òåîðåìû 3.1 âèäíî, ÷òî, íå íàðóøàÿ îáùíîñòè, ðåøåíèå
y(x, λ) çàäà÷è (1.1), (1.2), (1.4) äëÿ êàæäîãî ôèêñèðîâàííîãî x ∈ [0, 1] ìîæíî ñ÷èòàòü öåëîé
ôóíêöèåé ïåðåìåííîé λ âèäà

y(x, λ) = (Tz4(1, λ)− a2λz4(1, λ))z3(x, λ)− (Tz3(1, λ)− a2λz3(1, λ))z4(x, λ).

Ïóñòü Sk = (λk−1(0), λk(0)), k ∈ N, ãäå λ0(0) = −∞. Î÷åâèäíî, ÷òî ñîáñòâåííûå çíà÷åíèÿ
λk(0) è λk(π/2) ñïåêòðàëüíîé çàäà÷è (1.1), (1.2), (2.1), (1.4) ïðè γ = 0 è γ = π/2 ÿâëÿþòñÿ
íóëÿìè öåëûõ ôóíêöèé y′(1, λ) è y′′(1, λ) ñîîòâåòñòâåííî. Çàìåòèì, ÷òî ôóíêöèÿ G(λ) =
= y′′(1, λ)/y′(1, λ) îïðåäåëåíà äëÿ çíà÷åíèé λ ∈ S ≡ (C\R)

⋃
(
⋃∞
k=1 Sk), ïðè÷¼ì λk(π/2) è

λk(0) � íóëè è ïîëþñû ýòîé ôóíêöèè ñîîòâåòñòâåííî, k ∈ N.
Ëåììà 3.1. Ñïðàâåäëèâà ôîðìóëà

dG(λ)

dλ
= − 1

y′2(1, λ)

{ l∫
0

y2(x, λ) dx− a2y
2(1, λ)

}
, λ ∈ S. (3.4)

Äîêàçàòåëüñòâî ýòîé ëåììû ïðîâîäèòñÿ ïî ñõåìå äîêàçàòåëüñòâà ëåììû 3.3 èç ðàáî-
òû [16].

Çàìå÷àíèå 3.2. Èç ôîðìóëû (3.4) âèäíî, ÷òî â ñëó÷àå a2 < 0 ôóíêöèÿ G(λ) ÿâëÿåòñÿ
ñòðîãî óáûâàþùåé â êàæäîì èíòåðâàëå Sk, k ∈ N. Â ñëó÷àå æå a2 > 0 ýòà ôîðìóëà íå äà¼ò
íèêàêîé èíôîðìàöèè î ïîâåäåíèè ôóíêöèè G(λ) â èíòåðâàëàõ Sk, k ∈ N.

Ëåììà 3.2. Èìååò ìåñòî ñîîòíîøåíèå

lim
λ→−∞

G(λ) = +∞. (3.5)

Äîêàçàòåëüñòâî ëåììû 3.2 ïðîâîäèòñÿ ïî ñõåìå äîêàçàòåëüñòâà ëåììû 3.4 èç ðàáîòû [16].
Äëÿ èçó÷åíèÿ ïîâåäåíèÿ ôóíêöèè G(λ) íà èíòåðâàëå Sk, k ∈ N, íàì ïîíàäîáèòñÿ
Ëåììà 3.3. Èìååò ìåñòî ïðåäñòàâëåíèå

G(λ) = G(0) +

∞∑
k=1

λck
λk(0)(λ− λk(0))

, (3.6)

ãäå ck = res
λ=λk(0)

G(λ), c1 < 0 è ck > 0 ïðè k = 2, 3, . . .

Äîêàçàòåëüñòâî. Cîãëàñíî òåîðåìå Ìèòòàã�Ëåôëåðà [28, ñ. 117] ìåðîìîðôíàÿ ôóíêöèÿ
G(λ) ñ ïðîñòûìè ïîëþñàìè µk, k ∈ N, äîïóñêàåò ïðåäñòàâëåíèå

G(λ) = G1(λ) +

∞∑
k=1

(
λ

λk(0)

)sk ck
λ− λk(0)

, (3.7)

ãäå G1(λ) � öåëàÿ ôóíêöèÿ,

ck = res
λ=λk(0)

G(λ) =
y′′xx(1, λk(0))

y′′xλ(1, λk(0))
, k ∈ N, (3.8)

è öåëûå ÷èñëà sk, k ∈ N, âûáèðàþòñÿ òàêèìè, ÷òîáû ðÿä â ïðàâîé ÷àñòè (3.7) ðàâíîìåðíî
ñõîäèëñÿ â ëþáîì êîíå÷íîì êðóãå (ïîñëå îòáðàñûâàíèÿ êîíå÷íîãî ÷èñëà ÷ëåíîâ, èìåþùèõ â
ýòîì êðóãå ïîëþñû).

Òàê êàê λ1(0) < λ1(π/2), òî èç ñîîòíîøåíèÿ (3.5) ñëåäóåò, ÷òî G(λ) > 0 ïðè λ ∈
∈ (−∞, λ1(0)). Ñëåäîâàòåëüíî, èìååì

lim
λ→λ1(0)−0

G(λ) = +∞, (3.9)
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îòêóäà, ïîñêîëüêó λ1(0) ÿâëÿåòñÿ ïðîñòûì ïîëþñîì ôóíêöèè G(λ), ñëåäóåò ðàâåíñòâî

lim
λ→λ1(0)+0

G(λ) = −∞. (3.10)

Èç íåðàâåíñòâ (2.4) âûòåêàåò, ÷òî λ1(π/2), λ2(π/2) ∈ (λ1(0), λ2(0)). Òîãäà â ñèëó ðàâåíñòâà
(3.10) äëÿ äîñòàòî÷íî ìàëûõ % > 0 âûïîëíÿþòñÿ ñîîòíîøåíèÿ

G(λ1(π/2)− %) < 0, G(λ1(π/2)) = 0, G(λ1(π/2) + %) > 0,

G(λ2(π/2)− %) > 0, G(λ2(π/2)) = 0, G(λ2(π/2) + %) < 0,

Ñëåäîâàòåëüíî, èìååì

lim
λ→λ2(0)−0

G(λ) = −∞ è lim
λ→λ2(0)+0

G(λ) = +∞. (3.11)

Äàëåå, òàê êàê λk(π/2) ∈ (λk−1(0), λk(0)) ÿâëÿåòñÿ ïðîñòûì íóë¼ì ôóíêöèè G(λ) ïðè k > 3,
òî äëÿ äîñòàòî÷íî ìàëûõ % > 0 ñïðàâåäëèâû ñëåäóþùèå íåðàâåíñòâà:

G(λk(π/2)− %) > 0, G(λk(π/2) + %) < 0.

Êðîìå òîãî, èìåþò ìåñòî ñîîòíîøåíèÿ

G(λk(0)− 0) = −∞, G(λk + 0) = +∞, k = 3, 4, . . . (3.12)

Íå íàðóøàÿ îáùíîñòè, ìîæíî ïðåäïîëàãàòü, ÷òî y′x(1, λ) > 0 ïðè λ ∈ (−∞, λ1(0)). Òîãäà,
ñëåäóÿ ïðèâåä¼ííûì âûøå ðàññóæäåíèÿì, ïîëó÷àåì

y′′xx(1, λ1(0)) > 0, y′′xλ(1, λ1(0)) < 0; y′′xx(1, λ2(0)) > 0, y′′xλ(1, λ2(0)) > 0;

(−1)ky′′xx(1, λk(0)) > 0, (−1)ky′′xλ(1, λk(0)) > 0, k = 3, 4, . . .

Ïîýòîìó â ñèëó (3.8) èìååì c1 < 0 è ck > 0 ïðè k = 2, 3, . . .

Ïóñòü Ωk(ε) = {λ : | 4
√
λ − 4

√
λk(0)| < ε}, ãäå ε ∈ (0, 1). Ñîãëàñíî [15, ôîðìóëà (5.7)] äëÿ

äîñòàòî÷íî áîëüøèõ k ∈ N ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

4
√
λk(0) = (k − 1/2)π +O(1/k), (3.13)

èç êîòîðîé ñëåäóåò, ÷òî ïðè äîñòàòî÷íî áîëüøèõ k ∈ N îáëàñòè Ωk(ε) íå ïåðåñåêàþòñÿ è
êàæäàÿ èç íèõ ñîäåðæèò òîëüêî îäèí ïîëþñ λk(0) ôóíêöèè G(λ).

Â ñèëó [16, ôîðìóëà (3.11)] âíå îáëàñòåé Ωk(ε) èìååò ìåñòî àñèìïòîòè÷åñêàÿ ôîðìóëà

G(λ) =
4
√
λ

cos 4
√
λ− sin 4

√
λ

cos 4
√
λ

(
1 +O

(
1
4
√
λ

))
.

Ñëåäóÿ ñîîòâåòñòâóþùèì ðàññóæäåíèÿì, ïðîâåä¼ííûì â [29, ñ. 252�253] (ñì. òàì æå ôîðìóëó
(27)), íåñëîæíî ïîêàçàòü, ÷òî âíå îáëàñòåé Ωk(ε) ñïðàâåäëèâà îöåíêà

|G(λ)| 6M 4
√
|λ|, (3.14)

ãäå M � íåêîòîðàÿ ïîëîæèòåëüíàÿ êîíñòàíòà. Ó÷èòûâàÿ (3.14), äëÿ êîýôôèöèåíòà ck, çàäàí-
íîãî ðàâåíñòâîì (3.8), ïîëó÷àåì îöåíêó

ck =

∣∣∣∣ 1

2πi

∫
∂Ωk(ε)

G(λ)dλ

∣∣∣∣ =
2

π

∣∣∣∣ ∫
|ν−
√
λk(0)|=ε

ν3G(ν4) dν

∣∣∣∣ 6 4Mk4. (3.15)
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Âñëåäñòâèå (3.15) è àñèìïòîòè÷åñêîé ôîðìóëû (3.13) ðÿä
∑∞

k=1 ck|λk(0)|−2 ñõîäèòñÿ. Òîãäà,
ñîãëàñíî [28, ñ. 116, òåîðåìå 2], â ôîðìóëå (3.7) ìîæíî ïîëîæèòü sk = 1, k ∈ N.

Ïóñòü {Γn}∞n=1 � ïîñëåäîâàòåëüíîñòü ðàñøèðÿþùèõñÿ îêðóæíîñòåé, íå ïåðåñåêàþùèõ îá-
ëàñòè Ωn(ε). Òîãäà â ñèëó [36, ñ. 227, ôîðìóëà (9)] ñïðàâåäëèâî ðàâåíñòâî

G(λ)−
∑

λk(0)∈intΓn

ck
λ− λk(0)

=

∫
Γn

G(ξ)

ξ − λ
dξ,

èç êîòîðîãî âûòåêàåò, ÷òî

G(λ)−G(0)−
∑

λk(0)∈intΓn

λck
λk(0)(λ− λk(0))

=

∫
Γn

λG(ξ)

ξ(ξ − λ)
dξ. (3.16)

Â ñèëó îöåíêè (3.14) ïðàâàÿ ÷àñòü ðàâåíñòâà (3.16) ñòðåìèòñÿ ê íóëþ ïðè n → +∞. Òîãäà,
ïåðåõîäÿ â ýòîì ðàâåíñòâå ê ïðåäåëó ïðè n → ∞, ïîëó÷àåì ïðåäñòàâëåíèå (3.6). Òåîðåìà
äîêàçàíà.

Ñëåäñòâèå 3.1. Ôóíêöèÿ G(λ) ÿâëÿåòñÿ âîãíóòîé â èíòåðâàëå (λ1(0), λ2(0)).
Äîêàçàòåëüñòâî. Ïðîäèôôåðåíöèðîâàâ òîæäåñòâî (3.6) äâàæäû, áóäåì èìåòü

d2G(λ)

dλ2
= −2

∞∑
k=1

ck
(λ− λk(0))3

,

îòêóäà ñëåäóåò, ÷òî d2G(λ)/dλ2 > 0 ïðè λ ∈ (λ1(0), λ2(0)). Ñëåäñòâèå äîêàçàíî.

4. Ñòðóêòóðà êîðíåâûõ ïîäïðîñòðàíñòâ êðàåâîé çàäà÷è (1.1)�(1.4).
Ëåììà 4.1. Ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (1.1)�(1.4) ÿâëÿþòñÿ âåùåñòâåííûìè.
Äîêàçàòåëüñòâî. Ïóñòü y(x, λ) � íåòðèâèàëüíîå ðåøåíèå çàäà÷è (1.1), (1.2), (1.4). Çàìå-

òèì, ÷òî ñîáñòâåííûìè çíà÷åíèÿìè çàäà÷è (1.1)�(1.4) ÿâëÿþòñÿ êîðíè óðàâíåíèÿ

y′′(1, λ)− a1λy
′(1, λ) = 0. (4.1)

Åñëè λ ÿâëÿåòñÿ íåâåùåñòâåííûì ñîáñòâåííûì çíà÷åíèåì çàäà÷è (1.1)�(1.4), òî λ̄ òàê-
æå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì ýòîé çàäà÷è, ïîñêîëüêó êîýôôèöèåíòû q(x), a1, a2 âåùå-

ñòâåííû. Ïðè ýòîì y(x, λ̄) = y(x, λ), òàê ÷òî åñëè ñîîòíîøåíèå (4.1) ñïðàâåäëèâî äëÿ λ, îíî
áóäåò ñïðàâåäëèâûì è äëÿ λ̄.

Âñëåäñòâèå óðàâíåíèÿ (1.1) è îïðåäåëåíèÿ îïåðàòîðà T èìååì

(Ty(x, µ))′y(x, λ)− (Ty(x, λ))′y(x, µ) = (µ− λ)y(x, µ)y(x, λ).

Èíòåãðèðóÿ ýòî òîæäåñòâî â ïðåäåëàõ îò 0 äî 1, èñïîëüçóÿ ôîðìóëó èíòåãðèðîâàíèÿ ïî
÷àñòÿì è ïðèíèìàÿ âî âíèìàíèå ãðàíè÷íûå óñëîâèÿ (1.2) è (1.4), ïîëó÷àåì

−y′′(1, µ)y′(1, λ) + y′′(1, λ)y′(1, µ) = (µ− λ)

{ 1∫
0

y(x, µ)y(x, λ) dx− a2y(1, µ)y(1, λ)

}
. (4.2)

Ïîëàãàÿ µ = λ̄ â (4.2), ïðèõîäèì ê òîæäåñòâó

−y′′(1, λ)y′(1, λ) + y′′(1, λ)y′(1, λ) = (λ̄− λ)

{ 1∫
0

|y(x, λ)|2 dx− a2|y(1, λ)|2
}
,

âñëåäñòâèå êîòîðîãî, ó÷èòûâàÿ ãðàíè÷íîå óñëîâèå (1.3), ïîëó÷àåì

−a1(λ̄− λ)|y′(1, λ)|2 = (λ̄− λ)

{ 1∫
0

|y(x, λ)|2 dx− a2|y(1, λ)|2
}
.
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Îòñþäà, òàê êàê λ̄ 6= λ, âûòåêàåò, ÷òî

1∫
0

|y(x, λ)|2 dx+ a1|y′(1, λ)|2 − a2|y(1, λ)|2 = 0. (4.3)

Ñ äðóãîé ñòîðîíû, óìíîæàÿ îáå ÷àñòè óðàâíåíèÿ (1.1) íà y(x, λ), èíòåãðèðóÿ ïîëó÷åííîå
òîæäåñòâî â ïðåäåëàõ îò 0 äî 1, èñïîëüçóÿ ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì è ó÷èòûâàÿ
ãðàíè÷íûå óñëîâèÿ (1.2)�(1.4), íàõîäèì

1∫
0

|y′′(x, λ)|2 dx+

1∫
0

q(x)|y′(x, λ)|2 dx = λ

{ 1∫
0

|y(x, λ)|2 dx+ a1|y′(1, λ)|2 − a2|y(1, λ)|2
}
. (4.4)

Ñ ó÷¼òîì ðàâåíñòâà (4.3), èç (4.4) ïîëó÷àåì

1∫
0

|y′′(x, λ)|2 dx+

1∫
0

q(x)|y′(x, λ)|2 dx = 0,

îòêóäà â ñèëó óñëîâèÿ (1.2) ñëåäóåò òîæäåñòâî y(x, λ) ≡ 0. Ýòî ïðîòèâîðå÷èå ïîêàçûâàåò, ÷òî
ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (1.1)�(1.4) ÿâëÿþòñÿ âåùåñòâåííûìè. Ëåììà äîêàçàíà.

Ëåììà 4.2. Ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (1.1)�(1.4) ÿâëÿþòñÿ ïðîñòûìè è îáðàçóþò
íå áîëåå ÷åì ñ÷¼òíîå ìíîæåñòâî áåç êîíå÷íîé ïðåäåëüíîé òî÷êè.

Äîêàçàòåëüñòâî. Öåëàÿ ôóíêöèÿ, ñòîÿùàÿ â ëåâîé ÷àñòè óðàâíåíèÿ (4.1), íå îáðàùàåòñÿ â
íóëü ïðè íåâåùåñòâåííûõ λ. Ñëåäîâàòåëüíî, îíà íå îáðàùàåòñÿ â íóëü òîæäåñòâåííî. Ïîýòîìó
å¼ íóëè îáðàçóþò íå áîëåå ÷åì ñ÷¼òíîå ìíîæåñòâî áåç êîíå÷íîé ïðåäåëüíîé òî÷êè.

Òåïåðü ïîêàæåì, ÷òî óðàâíåíèå (4.1) èìååò òîëüêî ïðîñòûå êîðíè. Äåéñòâèòåëüíî, åñëè

λ = λ̃ ÿâëÿåòñÿ êðàòíûì êîðíåì óðàâíåíèÿ (4.1), òî èìåþò ìåñòî ðàâåíñòâà

y′′(1, λ̃)− a1λ̃y
′(1, λ̃) = 0, (4.5)

∂y′′(1, λ̃)

∂λ
− a1y

′(1, λ̃)− a1λ̃
∂y′(1, λ̃)

∂λ
= 0. (4.6)

Ïîäåëèâ îáå ÷àñòè ðàâåíñòâà (4.2) íà µ− λ (µ 6= λ) è ïåðåéäÿ çàòåì â í¼ì ê ïðåäåëó ïðè
µ→ λ, ïîëó÷èì

−∂y
′′(1, λ)

∂λ
y′(1, λ) + y′′(1, λ)

∂y′(1, λ)

∂λ
=

1∫
0

y2(x, λ) dx− a2y
2(1, λ). (4.7)

Ó÷èòûâàÿ (4.5) è (4.6), èç (4.7) íàõîäèì, ÷òî

1∫
0

y2(x, λ̃) dx− a2y
2(1, λ̃) + a1y

′2(1, λ̃) = 0. (4.8)

Òàê êàê λ̃ ÿâëÿåòñÿ âåùåñòâåííûì ñîáñòâåííûì çíà÷åíèåì çàäà÷è (1.1)�(1.4), òî, ñîãëàñíî
(4.4), èìååì

1∫
0

y′′2(x, λ̃) dx+

1∫
0

q(x)y′2(x, λ̃) dx = λ̃

{ 1∫
0

y2(x, λ̃) dx− a2y
2(1, λ̃) + a1y

′2(1, λ̃)

}
. (4.9)
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Ïðèíèìàÿ âî âíèìàíèå (4.8), èç (4.9) ïîëó÷àåì

1∫
0

y′′2(x, λ̃) dx+

1∫
0

q(x)y′2(x, λ̃) dx = 0,

îòêóäà â ñèëó òîæäåñòâà (1.2) ñëåäóåò òîæäåñòâî y(x, λ̃) ≡ 0. Ïîëó÷åííîå ïðîòèâîðå÷èå äîêà-
çûâàåò ëåììó.

Çàìå÷àíèå 4.1. Èç ðàâåíñòâà (4.4) è óñëîâèÿ (1.2) âûòåêàåò, ÷òî λ = 0 íå ÿâëÿåòñÿ
ñîáñòâåííûì çíà÷åíèåì çàäà÷è (1.1)�(1.4).

Çàìå÷àíèå 4.2. Åñëè λ � ñîáñòâåííîå çíà÷åíèå çàäà÷è (1.1)�(1.4), òî âñëåäñòâèå ñîîòíî-
øåíèé (2.3) çàêëþ÷àåì, ÷òî y′(1, λ) 6= 0.

Êàê ñëåäóåò èç çàìå÷àíèÿ 4.2 è óðàâíåíèÿ (4.1), ñîáñòâåííûìè çíà÷åíèÿìè çàäà÷è (1.1)�
(1.4) ÿâëÿþòñÿ êîðíè óðàâíåíèÿ

G(λ) = a1λ. (4.10)

Ëåììà 4.3. Êðàåâàÿ çàäà÷à (1.1)�(1.4) â êàæäîì èíòåðâàëå Sk, k = 3, 4, . . . , ìîæåò
èìåòü òîëüêî îäíî ñîáñòâåííîå çíà÷åíèå.

Äîêàçàòåëüñòâî. Ïóñòü k0 (k0 6= 0, 1) � ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî. Åñëè λ̃ ∈ Sk0
ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì çàäà÷è (1.1)�(1.4), òî èç (4.9) ñëåäóåò, ÷òî

1∫
0

y2(x, λ̃) dx− a2y
2(1, λ̃) + a1y

′2(1, λ̃) > 0.

Òîãäà â ñèëó òîæäåñòâà (3.4) èç ýòîãî ñîîòíîøåíèÿ âûòåêàåò íåðàâåíñòâî

d

dλ
(G(λ)− a1λ)

∣∣∣∣
λ=λ̃

< 0.

Òàê êàê G(λ̃)−a1λ̃ = 0, òî îòñþäà ñëåäóåò, ÷òî ôóíêöèÿ G(λ)−a1λ â èíòåðâàëå Sk0 ïðèíèìàåò
íóëåâîå çíà÷åíèå, òîëüêî ñòðîãî óáûâàÿ. Ñëåäîâàòåëüíî, óðàâíåíèå (4.10) èìååò åäèíñòâåííîå

ðåøåíèå λ̃ â èíòåðâàëå Sk0 . Äîêàçàòåëüñòâî ëåììû çàâåðøåíî.
Òåîðåìà 4.1. Ñóùåñòâóåò íåîãðàíè÷åííî âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü ñîáñòâåí-

íûõ çíà÷åíèé λ1, λ2, . . . , λk, . . . êðàåâîé çàäà÷è (1.1)�(1.4) òàêàÿ, ÷òî

λ1 ∈ (λ1(0), λ1(π/2)), λ2 ∈ (0, λ2(π/2)), λk ∈ (λk−1(0), λk(π/2)), k = 3, 4, . . .

Äîêàçàòåëüñòâî. Íàïîìíèì, ÷òî ñîáñòâåííûìè çíà÷åíèÿìè çàäà÷è (1.1)�(1.4) ÿâëÿþòñÿ
êîðíè óðàâíåíèÿ (4.10). Èç ñîîòíîøåíèé (3.5) è (3.9)�(3.12) ñëåäóåò, ÷òî

lim
λ→λ1(0)−0

G(λ) = +∞, lim
λ→λk(0)−0

G(λ) = −∞, k ∈ N\{1}, (4.11)

lim
λ→λ1(0)+0

G(λ) = −∞, lim
λ→λk(0)+0

G(λ) = +∞, k = 0, 2, 3, . . . (4.12)

Â ñèëó íåðàâåíñòâ (2.4) èìååì G(λ) 6= 0 ïðè λ ∈ (−∞, λ1(0)). Ñëåäîâàòåëüíî, èç ñîîòíî-
øåíèÿ (3.5) ñëåäóåò, ÷òî G(λ) > 0 â èíòåðâàëå (−∞, λ1(0)). Òàê êàê a1 > 0, òî a1λ < 0 â
èíòåðâàëå (−∞, λ1(0)). Ïîýòîìó óðàâíåíèå (4.10) íå èìååò ðåøåíèé â èíòåðâàëå S1.

Ñîãëàñíî ñëåäñòâèþ 3.1 ôóíêöèÿ G(λ) ÿâëÿåòñÿ âîãíóòîé â èíòåðâàëå S2. Êðîìå òîãî, èç
(2.4), (4.11), (4.12) è ðàâåíñòâ G(λ1(π/2)) = G(λ2(π/2)) = 0 âûòåêàåò, ÷òî G(0) > 0. Ñëåäî-
âàòåëüíî, óðàâíåíèå (4.10) èìååò äâà ïðîñòûõ êîðíÿ λ1 ∈ (λ1(0), λ1(π/2)) è λ2 ∈ (0, λ2(π/2)).

Ïîñêîëüêó ôóíêöèÿ G(λ) íåïðåðûâíà â êàæäîì èíòåðâàëå Sk, k ∈ N, òî èç ñîîòíîøå-
íèé (4.11) è (4.12) ñëåäóåò, ÷òî ôóíêöèÿ G(λ) êàæäîå çíà÷åíèå èç (−∞,+∞) ïðèíèìàåò â
íåêîòîðîé òî÷êå èíòåðâàëà Sk, k = 3, 4, . . . Ïîýòîìó óðàâíåíèå (4.10) èìååò ïî êðàéíåé ìåðå
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îäíî ðåøåíèå â êàæäîì èíòåðâàëå Sk, k = 3, 4, . . . Òîãäà â ñèëó ëåìì 4.1�4.3 óðàâíåíèå (4.10)
èìååò îäèí ïðîñòîé êîðåíü λk â êàæäîì èíòåðâàëå Sk, k = 3, 4, . . . Òàê êàê a1 > 0 è ôóíê-
öèÿ G(λ) ïðèíèìàåò íóëåâîå çíà÷åíèå â åäèíñòâåííîé òî÷êå λk(π/2) ∈ Sk ïðè k = 3, 4, . . . ,
òî λk ∈ (λk−1(0), λk(π/2)) ïðè k = 3, 4, . . . Òåîðåìà äîêàçàíà.

Èç [15, ôîðìóëà (5.7)] ñëåäóþò àñèìïòîòè÷åñêèå ôîðìóëû

4
√
λk(0) = (k − 1/2)π +O(1/k), 4

√
λk(π/2) = (k − 3/4)π +O(1/k), (4.13)

y
(0)
k (x) = sin((k−1/2)πx)−cos((k−1/2)πx)+e−(k−1/2)πx+(−1)ke−(k−1/2)π(1−x) +O(1/k), (4.14)

y
(π/2)
k (x) = sin((k − 3/4)πx)− cos((k − 3/4)πx) + e−(k−3/4)πx +O(1/k), (4.15)

ïðè ýòîì ñîîòíîøåíèÿ (4.14) è (4.15) âûïîëíÿþòñÿ ðàâíîìåðíî ïî x ∈ [0, 1].
Òåîðåìà 4.2 Ñïðàâåäëèâû ñëåäóþùèå àñèìïòîòè÷åñêèå ôîðìóëû:

4
√
λk = (k − 3/2)π +O(1/k), (4.16)

yk(x) = sin((k−3/2)πx)−cos((k−3/2)πx)+e−(k−3/2)πx+(−1)k+1e−(k−3/2)π(1−x)+O(1/k), (4.17)

ãäå ñîîòíîøåíèå (4.17) âûïîëíÿåòñÿ ðàâíîìåðíî ïî x ∈ [0, 1].
Äîêàçàòåëüñòâî ýòîé òåîðåìû ïðîâîäèòñÿ ïî ñõåìå äîêàçàòåëüñòâà [15, òåîðåìà 5.1].

5. Áàçèñíûå ñâîéñòâà â ïðîñòðàíñòâå Lp(0, 1), 1 < p < ∞, ñèñòåìû ñîáñòâåí-
íûõ ôóíêöèé çàäà÷è (1.1)�(1.4). Ïóñòü H = L2(0, 1)

⊕
C2 � ãèëüáåðòîâî ïðîñòðàíñòâî ñî

ñêàëÿðíûì ïðîèçâåäåíèåì

(ŷ, v̂) = ({y,m, n}, {v, s, t}) = (y, v)L2 + a−1
1 ms̄+ a−1

2 nt̄. (5.1)

Ðàññìàòðèâàåìàÿ çàäà÷à (1.1)�(1.4) ñâîäèòñÿ ê çàäà÷å íà ñîáñòâåííûå çíà÷åíèÿ äëÿ ëèíåéíîãî
îïåðàòîðà L, äåéñòâóþùåãî â ïðîñòðàíñòâå H ïî ïðàâèëó

Lŷ = L{y,m, n} = {`(y), y′′(1), Ty(1)}

è èìåþùåìó îáëàñòü îïðåäåëåíèÿ

D(L) = {{y(x),m} : y ∈W 4
2 (0, 1), `(y) ∈ L2(0, 1), y(0) = y′(0), m = a1y

′(1), n = a2y(1)},

ÿâëÿþùåéñÿ âñþäó ïëîòíîé â H. Îïåðàòîð L ÿâëÿåòñÿ çàìêíóòûì â H ñ êîìïàêòíîé ðåçîëü-
âåíòîé (ñì. [24]). Êðîìå òîãî, çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ äëÿ îïåðàòîðà L ýêâèâàëåíòíà
çàäà÷å (1.1)�(1.4): ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà L è çàäà÷è (1.1)�(1.4) ñîâïàäàþò ìåæäó
ñîáîé (ñ ó÷¼òîì èõ êðàòíîñòè); ìåæäó ñîáñòâåííûìè âåêòîðàìè îïåðàòîðà L è ñîáñòâåííûìè
ôóíêöèÿìè çàäà÷è (1.1)�(1.4) ìîæíî óñòàíîâèòü âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå:

yk(x) ↔ ŷk = {yk(x),mk, nk}, mk = a1y
′
k(1), nk = a2yk(1).

Òàê êàê a1 > 0 è a2 > 0, òî L ÿâëÿåòñÿ íåñàìîñîïðÿæ¼ííûì îïåðàòîðîì â H. Â ýòîì ñëó-
÷àå îïðåäåëèì îïåðàòîð J : H → H ñëåäóþùèì îáðàçîì: J{y,m;n} = {y,m,−n}. Îïåðàòîð
J ÿâëÿåòñÿ óíèòàðíûì è ñèììåòðè÷åñêèì â H ñî ñïåêòðîì, ñîñòîÿùèì èç äâóõ ñîáñòâåí-
íûõ çíà÷åíèé: −1 ñ êðàòíîñòüþ åäèíèöà è +1 ñ áåñêîíå÷íîé êðàòíîñòüþ. Ñëåäîâàòåëüíî,
îïåðàòîð J ïîðîæäàåò ïðîñòðàíñòâî Ïîíòðÿãèíà Π1 = L2(0, 1)

⊕
C2 ñ âíóòðåííèì ïðîèçâå-

äåíèåì [19]

[ŷ, v̂] = (ŷ, v̂)Π1 = ({y,m, n}, {u, s, t})Π1 = (y, v)L2 + a−1
1 ms̄− a−1

2 nt̄, (5.2)

Òåîðåìà 5.1. Îïåðàòîð L ÿâëÿåòñÿ J -ñàìîñîïðÿæ¼ííûì â ïðîñòðàíñòâå Π1.
Äîêàçàòåëüñòâî. Îïåðàòîð JL ÿâëÿåòñÿ ñàìîñîïðÿæ¼ííûì â H â ñèëó [17, òåîðåìà 2.2].

Òîãäà J -ñàìîñîïðÿæ¼ííîñòü îïåðàòîðà L â Π1 ñëåäóåò èç [19, ñ. 62, ñâîéñòâî 10].
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Òåîðåìà 5.2. Ïóñòü L∗− îïåðàòîð, ñîïðÿæ¼ííûé ê îïåðàòîðó L â H. Òîãäà L∗ = JLJ.
Êðîìå òîãî, ñèñòåìà ñîáñòâåííûõ âåêòîðîâ {ŷk}∞k=1, ŷk = {yk,mk, nk}, îïåðàòîðà L îáðà-
çóåò áåçóñëîâíûé áàçèñ â H.

Äîêàçàòåëüñòâî ïåðâîé ÷àñòè ýòîé òåîðåìû ñëåäóåò èç [19, ñ. 63, ñâîéñòâî 50], à âòîðîé
÷àñòè � èç [20].

Äëÿ êàæäîãî ýëåìåíòà ŷk = {yk,mk, nk}, k ∈ N, ãäå mk = a1y
′
k(1) è nk = a2yk(1),

ñèñòåìû êîðíåâûõ âåêòîðîâ {ŷk}∞k=1 îïåðàòîðà L ñïðàâåäëèâî ðàâåíñòâî

Lŷk = λkŷk, (5.3)

à äëÿ ýëåìåíòà v̂∗k = {v∗k, s∗k, t∗k} ñèñòåìû ñîáñòâåííûõ âåêòîðîâ {v̂∗k}∞k=1 îïåðàòîðà L∗ � ðà-
âåíñòâî

L∗v̂∗k = λkv̂
∗
k. (5.4)

Âñëåäñòâèå òåîðåìû 5.2 è ñîîòíîøåíèé (5.1), (5.3) è (5.4) èìååì

v̂∗k = Jŷk, k ∈ N. (5.5)

Òàê êàê L � J -ñàìîñîïðÿæ¼ííûé îïåðàòîð â Π1, òî åãî ñîáñòâåííûå âåêòîðû ŷk è ŷl,
k 6= l, ñîîòâåòñòâóþùèå ñîáñòâåííûì çíà÷åíèÿì λk è λl, ÿâëÿþòñÿ J -îðòîãîíàëüíûìè â
Π1, ò.å.

[ŷk, ŷl] = 0. (5.6)

Â ñèëó ëåììû 4.1 è ðàâåíñòâà (4.4) ïîëó÷àåì

G′(λk)− a1 6= 0, k ∈ N. (5.7)

Îòñþäà, ó÷èòûâàÿ çàìå÷àíèå 4.2 è ñîîòíîøåíèå (3.4), çàêëþ÷àåì, ÷òî

‖yk‖2L2
+ a1y

′2
k (1)− a2y

2
k(1) 6= 0,

à çíà÷èò, ñîãëàñíî îïðåäåëåíèþ (5.2) ñïðàâåäëèâî íåðàâåíñòâî

[ŷk, ŷk] = ‖yk‖2L2
+ a1y

′2
k (1)− a2y

2
k(1) 6= 0.

Íåïîñðåäñòâåííûì ñëåäñòâèåì ñîîòíîøåíèé (5.2), (5.5)�(5.7) ÿâëÿåòñÿ
Ëåììà 5.1. Ýëåìåíò v̂k={vk, sk, tk} ñèñòåìû {v̂k}∞k=1, ñîïðÿæ¼ííîé ê ñèñòåìå {ŷk}∞k=1,

îïðåäåëÿåòñÿ ðàâåíñòâîì
v̂k = δ−1

k ŷk, k ∈ N, (5.8)

ãäå δk = [ŷk, ŷk], k ∈ N.
Ïóñòü r, l � ïðîèçâîëüíûå íàòóðàëüíûå ÷èñëà è

∆r,l =

∣∣∣∣sr sl
tr tl

∣∣∣∣ . (5.9)

Äëÿ óïðîùåíèÿ çàïèñè ââåä¼ì ñëåäóþùèå îáîçíà÷åíèÿ:

σr,l = a1a2δ
−1
r δ−1

l y′r(1)y′l(1) è ∆̃r,l =

{
yr(1)

y′r(1)
− yl(1)

y′l(1)

}
.

Òîãäà â ñèëó çàìå÷àíèÿ 4.2, ôîðìóëû (5.8) è îáîçíà÷åíèÿ (5.9) ïîëó÷èì

σr,l 6= 0 è ∆r,l = δ−1
r δ−1

l

∣∣∣∣mr ml

nr nl

∣∣∣∣ = σr,l∆̃r,l. (5.10)

Ïîýòîìó èç ñîîòíîøåíèé (5.10) ñëåäóåò, ÷òî èìååò ìåñòî ýêâèâàëåíòíîñòü

∆r,l 6= 0 ⇔ ∆̃r,l 6= 0. (5.11)
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Òåîðåìà 5.3. Åñëè ∆r,l 6= 0, òî ñèñòåìà ñîáñòâåííûõ ôóíêöèé {yk(x)}∞k=1,k 6=r,l çàäà÷è

(1.1)�(1.4) îáðàçóåò áàçèñ â Lp(0, 1), 1 < p < ∞, ïðè÷¼ì ïðè p = 2 ýòîò áàçèñ ÿâëÿåòñÿ
áåçóñëîâíûì. Åñëè ∆r,l = 0, òî óêàçàííàÿ ñèñòåìà ÿâëÿåòñÿ íå ïîëíîé è íå ìèíèìàëüíîé â
Lp(0, 1), 1 < p <∞.

Äîêàçàòåëüñòâî òåîðåìû 5.3 ïðè p = 2 ïðîâîäèòñÿ ïî ñõåìå äîêàçàòåëüñòâà [9, òåîðå-
ìà 4.1] ñ èñïîëüçîâàíèåì òåîðåìû 5.2 è ñîîòíîøåíèÿ (5.11), à ïðè p ∈ (1,∞) è p 6= 2 � ïî
ñõåìå äîêàçàòåëüñòâà [13, òåîðåìà 5.1] ñ èñïîëüçîâàíèåì ôîðìóë (4.13)�(4.17).

Èç äîêàçàòåëüñòâà òåîðåìû 4.1 ðàáîòû [9] ñëåäóåò, ÷òî ñèñòåìà {uk(x)}∞k=1, k 6=r,l, ãäå

uk(x) = vk(x)−∆−1
r,l (∆k,lvr(x) + ∆r,kvl(x)),

ÿâëÿåòñÿ ñîïðÿæ¼ííîé ê ñèñòåìå {yk(x)}∞k=1, k 6=r,l.

Çàìå÷àíèå 5.1. Â ñèëó ýêâèâàëåíòíîñòè (5.11) è òåîðåìû 5.3 óñëîâèå ∆̃r,l 6= 0 ÿâëÿåòñÿ
íåîáõîäèìûì è äîñòàòî÷íûì äëÿ áàçèñíîñòè â Lp(0, 1), 1 < p < ∞, ñèñòåìû ñîáñòâåííûõ
ôóíêöèé {yk(x)}∞k=1, k 6=r,l çàäà÷è (1.1)�(1.4).

Â ñëåäóþùåé òåîðåìå ïîëó÷åíû óñëîâèÿ, ïðè êîòîðûõ ∆̃r,l 6= 0.
Òåîðåìà 5.4. Èìåþò ìåñòî ñëåäóþùèå óòâåðæäåíèÿ:
i) ñóùåñòâóåò k0 ∈ N òàêîå, ÷òî äëÿ ëþáûõ íàòóðàëüíûõ r è l (r 6= l), á�îëüøèõ k0,

ñïðàâåäëèâî ñîîòíîøåíèå ∆̃r,l 6= 0;
ii) äëÿ êàæäîãî ôèêñèðîâàííîãî r ∈ N ñóùåñòâóåò kr ∈ N òàêîå, ÷òî äëÿ ëþáîãî íàòó-

ðàëüíîãî l > kr âûïîëíÿåòñÿ ñîîòíîøåíèå ∆̃r,l 6= 0.
Äîêàçàòåëüñòâî. Òàê êàê âñå, çà èñêëþ÷åíèåì ïåðâîãî, ñîáñòâåííûå çíà÷åíèÿ çàäà÷è

(1.1)�(1.4) ÿâëÿþòñÿ ïîëîæèòåëüíûìè, òî â óðàâíåíèè (1.1) ïîëîæèì λ = ρ4, ãäå ρ > 0.
Â ñèëó [31, ñ. 58; c. 63�64, òåîðåìà 1 è ôîðìóëû (27)�(29)] óðàâíåíèå (1.1) èìååò ÷åòûðå
ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ ϕk(x) = ϕk(x, ρ), k = 1, 4, óäîâëåòâîðÿþùèå àñèìïòîòè÷åñêèì
ðàâåíñòâàì

ϕ
(s)
k (x, ρ) = (ρωk)

seρωkx

{
1 +

1

4ρωk

x∫
0

q(t)dt+O

(
1

ρ2

)}
, k = 1, 4, s = 0, 3, (5.12)

ãäå ω1 = −ω4 = −1, ω2 = −ω3 = −i.
Äëÿ îïåðàòîðîâ Ui, i = 1, 4, èç ãðàíè÷íûõ óñëîâèé (1.2)�(1.4) èìååì

U1(λ, ϕk) = ϕk(0), U2(λ, ϕk) = ϕ′k(0),

U3(λ, ϕk) = ϕ′′k(1)− a1ρ
4ϕ′k(1) = −a1ρ

4ϕ′k(1)(1 +O(ρ−3)),

U4(λ, ϕk) = ϕ′′′k (1)− q(1)ϕ′k(1)− a2ρ
4ϕk(1), k = 1, 4. (5.13)

Ñîáñòâåííàÿ ôóíêöèÿ y(x) = y(x, ρ), ñîîòâåòñòâóþùàÿ ñîáñòâåííîìó çíà÷åíèþ λ = ρ4,
ìîæåò áûòü ïðåäñòàâëåíà â âèäå

y(x) =

∣∣∣∣∣∣∣
U1(λ, ϕ1) U1(λ, ϕ2) U1(λ, ϕ3) U1(λ, ϕ4)
ϕ1(x) ϕ2(x) ϕ3(x) ϕ4(x)

U3(λ, ϕ1) U3(λ, ϕ2) U3(λ, ϕ3) U3(λ, ϕ4)
U4(λ, ϕ1) U4(λ, ϕ2) U4(λ, ϕ3) U4(λ, ϕ4)

∣∣∣∣∣∣∣ . (5.14)

Óìíîæàÿ âòîðóþ ñòðîêó îïðåäåëèòåëÿ (5.14) ïðè x = 1 íà a2ρ
4 è ñêëàäûâàÿ ñ ÷åòâ¼ðòîé

ñòðîêîé, â ñèëó (5.12) è (5.13) ïîëó÷àåì

y(1) = −a1ρ
8eρ


∣∣∣∣∣∣∣

ϕ1(0) ϕ2(0) ϕ3(0) ϕ4(0)e−ρ

ϕ1(1) ϕ2(1) ϕ3(1) ϕ4(1)e−ρ

ϕ′1(1)ρ−1 ϕ′2(1)ρ−1 ϕ′3(1)ρ−1 ϕ′4(1)ρ−1e−ρ

ρ−3Tϕ1(1) ρ−3Tϕ2(1) ρ−3Tϕ3(1) e−ρρ−3Tϕ4(1)

∣∣∣∣∣∣∣+O

(
1

ρ3

) =
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= −a1ρ
8eρϕ1(0)

∣∣∣∣∣∣
ϕ2(1) ϕ3(1) ϕ4(1)e−ρ

ϕ′2(1)ρ−1 ϕ′3(1)ρ−1 ϕ′4(1)ρ−1e−ρ

ϕ′′′2 (1)ρ−3 ϕ′′′3 (1)ρ−3 ϕ′′′4 (1)ρ−3e−ρ

∣∣∣∣∣∣+O

(
1

ρ3

) =

−a1ρ
8eρϕ1(0)



∣∣∣∣∣∣∣∣∣∣∣

1− q0

4ρi
1 +

q0

4ρi
1 +

q0

4ρ

−i
(

1− q0

4ρi

)
i

(
1 +

q0

4ρi

)
1 +

q0

4ρ

i

(
1− q0

4ρi

)
−i
(

1 +
q0

4ρi

)
1 +

q0

4ρ

∣∣∣∣∣∣∣∣∣∣∣
+O

(
1

ρ2

)
 .

Îòñþäà ñëåäóåò, ÷òî

y(1) = −4a1iρ
8eρ
(

1 +
q0

4ρ

)
(1 +O(ρ−2)), (5.15)

ãäå q0 =
∫ 1

0 q(x) dx.
Â ñèëó (5.14) èìååì

y′(x) =

∣∣∣∣∣∣∣
U1(λ, ϕ1) U1(λ, ϕ2) U1(λ, ϕ3) U1(λ, ϕ4)
ϕ′1(x) ϕ′2(x) ϕ′3(x) ϕ′4(x)

U3(λ, ϕ1) U3(λ, ϕ2) U3(λ, ϕ3) U3(λ, ϕ4)
U4(λ, ϕ1) U4(λ, ϕ2) U4(λ, ϕ3) U4(λ, ϕ4)

∣∣∣∣∣∣∣ . (5.16)

Ïîëîæèì â îïðåäåëèòåëå (5.16) x = 1, çàòåì óìíîæàÿ âòîðóþ ñòðîêó ïîëó÷åííîãî îïðåäåëèòå-
ëÿ íà a1ρ

4 è ñêëàäûâàÿ ñ òðåòüåé ñòðîêîé è óìíîæàÿ âòîðóþ åãî ñòðîêó íà q(1) è ñêëàäûâàÿ
å�e ñ ÷åòâ¼ðòîé ñòðîêîé, â ñèëó (5.12) è (5.13) áóäåì èìåòü

y′(1) =

∣∣∣∣∣∣∣
ϕ1(0) ϕ2(0) ϕ3(0) ϕ4(0)
ϕ′1(1) ϕ′2(1) ϕ′3(1) ϕ′4(1)
ϕ′′1(1) ϕ′′2(1) ϕ′′3(1) ϕ′′4(1)

ϕ′′′1 (1)− a2ρ
4ϕ1(1) ϕ′′′2 (1)− a2ρ

4ϕ2(1) ϕ′′′3 (1)− a2ρ
4ϕ3(1) ϕ′′′4 (1)− a2ρ

4ϕ4(1)

∣∣∣∣∣∣∣ =

= −a2ρ
7eρ

∣∣∣∣∣∣∣∣∣∣
ϕ1(0) ϕ2(0) ϕ3(0) ϕ4(0)e−ρ

ϕ′1(1)ρ−1 ϕ′2(1)ρ−1 ϕ′3(1)ρ−1 ϕ′4(1)ρ−1e−ρ

ϕ′′1(1)ρ−2 ϕ′′2(1)ρ−2 ϕ′′3(1)ρ−2 ϕ′′4(1)ρ−2e−ρ

ϕ1(1)− ϕ′′′1 (1)

a2ρ4
ϕ′′′2 (1)− ϕ′′′2 (1)

a2ρ4
ϕ′′′2 (1)− ϕ′′′2 (1)

a2ρ4

(
ϕ′′′2 (1)− ϕ′′′2 (1)

a2ρ4

)
e−ρ

∣∣∣∣∣∣∣∣∣∣
=

= −a2ρ
7eρϕ1(0)


∣∣∣∣∣∣∣

= ϕ′2(1) ϕ′3(1) ϕ′4(1)e−ρ

ϕ′′2(1)ρ−2 ϕ′′3(1)ρ−2 ϕ′′4(1)ρ−2e−ρ

ϕ′′′2 (1)− ϕ′′′2 (1)

a2ρ4
ϕ′′′2 (1)− z′′′2 (1)

a2ρ4
(ϕ′′′2 (1)− z′′′2 (1)

a2ρ4
)e−ρ

∣∣∣∣∣∣∣+O

(
1

ρ3

) =

= −a2ρ
7eρz1(0)


∣∣∣∣∣∣∣
−i(1− q0(4ρi)−1) i(1 + q0(4ρi)−1) 1 + q0(4ρ)−1

−(1− q0(4ρi)−1) −(1 + q0(4ρi)−1) 1 + q0(4ρ)−1

1− q0 − 4/a2

4ρi
1 +

q0 − 4/a2

4ρi
1 +

q0 − 4/a2

4ρ

∣∣∣∣∣∣∣+O

(
1

ρ2

) ,

îòêóäà ñëåäóåò, ÷òî

y′(1) = −4a2iρ
7eρ
(

1 +
q0

4ρ

)(
1− 1

a2ρ
+O

(
1

ρ2

))
. (5.17)

Èç àñèìïòîòè÷åñêèõ ïðåäñòàâëåíèé (5.15) è (5.17) ïîëó÷àåì

y(1)

y′(1)
=
a1

a2
ρ

(
1 +

1

a2ρ
+O

(
1

ρ2

))
, (5.18)
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Â ñèëó àñèìïòîòè÷åñêèõ ôîðìóë (5.18) è (4.16) ñóùåñòâóåò k0 ∈ N òàêîå, ÷òî äëÿ ëþáûõ
íàòóðàëüíûõ r, l > k0, r 6= l (íå íàðóøàÿ îáùíîñòè, ñ÷èòàåì, ÷òî r > l) âûïîëíÿþòñÿ
ñîîòíîøåíèÿ

∆̃r,l =
yr(1)

y′r(1)
− yl(1)

y′l(1)
=
a1

a2
ρr

(
1 +

1

a2ρr
+O(r−2)

)
− a1

a2
ρl

(
1 +

1

a2ρl
+O(l−2)

)
=

=
a1

a2

(
(r−3/2)π+

1

a2
+O(r−1)

)
− a1

a2

(
(l−3/2)π+

1

a2
+O(l−1)

)
>
a1

a2

(
(r − l)π − K

r
− K

l

)
> 0,

ãäå K � íåêîòîðàÿ ïîëîæèòåëüíàÿ êîíñòàíòà.
Äîêàçàòåëüñòâî óòâåðæäåíèÿ (ii) òåîðåìû íåïîñðåäñòâåííî ñëåäóåò èç àñèìïòîòè÷åñêèõ

ôîðìóë (5.18) è (4.16). Òåîðåìà äîêàçàíà.
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