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Inverse scattering problem for a hyperbolic system of first order
equations on a semi-axis on a first approximation
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Abstract. In this paper for a hyperbolic system of five equations on the semi-axis, by joint consideration
of three problems an inverse scattering problem on a first approximation was solved. The coefficients of
the considered system are uniquely determined by the scattering operator on the semi-axis.
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1 Introduction

Inverse scattering problems for different linear systems of first order hyperbolic equations
on the axis and semi-axis were studied in the papers of L.P. Nizhnik [3], L.P. Nizhnik and
V.G. Tarasov [2], A.S. Fokas and L.Y. Sung [1], N.Sh. Iskenderov [4], M.I. Ismailov [5] and
others.

In this paper we study direct and inverse scattering problems for a system of five hyper-
bolic equations of first order on a semi-axis in the case when there are two given incident
waves.

When there are three incident and two scattering waves, these problems were studied in
[8] when there are four incident and two scattering waves, in [7].

2 Scattering problem on a semi-axis

On the semi-axis x ≥ 0 consider a system of equations of the form:

ξi
∂Ui (x, t)

∂t
− ∂Ui (x, t)

∂x
=

5∑
j=1

cij (x, t)Uj(x, t), i = 1, 5 (2.1)
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where cij(x, t) are complex-valued measurable functions with respect to x and t satisfying
the conditions:

|cij(x, t)| ≤ C [(1 + |x|)(1 + |t|)]−1−ε , (2.2)

moreover

cii(x, t) = 0, i = 1, 5, ξ1 > ξ2 > 0 > ξ3 > ξ4 > ξ5, −∞ < t < +∞

Let us consider system (2.1) on a semi-axis under three different boundary conditions:

1)

U1
3 (0, t) = U1

1 (0, t) + U1
2 (0, t)

U1
4 (0, t) = U1

2 (0, t)
U1
5 (0, t) = U1

1 (0, t)
(2.3)

2)

U2
3 (0, t) = U2

1 (0, t)
U2
4 (0, t) = U2

1 (0, t) + U2
2 (0, t)

U2
5 (0, t) = U2

2 (0, t)
(2.4)

3)

U3
3 (0, t) = U3

2 (0, t)
U3
4 (0, t) = U3

1 (0, t)
U3
5 (0, t) = U3

1 (0, t) + U3
2 (0, t)

(2.5)

Any essentially bounded solution U(x, t) = {U1(x, t), U2(x, t), ..., U5(x, t)} of the sys-
tem (2.1) with the coefficients cij(x, t), i, j = 1, 5, satisfying conditions (2.2) admit on the
semi-axis x ≥ 0 the following asymptotic representations:{

Ui(x, t) = ai(t+ ξix) + o(1), i = 1, 2
Ui(x, t) = bi(t+ ξix) + o(1), i = 3, 5, x→ +∞, (2.6)

where ai(s) ∈ L∞(−∞,+∞) (i = 1, 2) determine the incident waves, while
bi(s) ∈ L∞(−∞,+∞), i = 3, 5 the scattering ones.

The scattering problem for system (2.1) is in finding the solution to the system (2.1) by
the given incident waves and boundary conditions for x = 0.

The scattering problem under joint consideration of the first, second and third problems
is stated as follows: by the given function a1(s), a2(s) ∈ L∞(R), R = (−∞,+∞) find the
solution

Uk(x, t) ∈ L∞((0,+∞)× (−∞,+∞), C2), (k = 1, 2)

of the first, second and third problems for which in L∞ the following asymptotic represen-
tations are valid:

Uki (x, t) = ai(t+ ξix) + o(1), x→∞, i = 1, 2, k = 1, 3;

where Uk(x, t) = (Uk1 (x, t), ..., U
k
5 (x, t)).

Theorem 2.1 Let the coefficients cij(x, t), i, j = 5 of the system (2.1), satisfy conditions
(2.2). Then there exists a unique solution of the scattering problem on the semi-axis x ≥ 0
for the system (2.1) with arbitrary given incident waves

ai(s) ∈ L∞(R), R = (−∞,+∞), i = 1, 2
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The proof of this theorem is similar to one in [7].
Note that the scattering problem for the k -th (k = 1, 3) problem is equivalent to the

following system of integral equations:

Uk1 (x, t) = a1(t+ ξ1x) +
+∞∫
x

5∑
j=1

(c1jUj)(y, t+ ξ1(x− y))dy,

Uk2 (x, t) = a2(t+ ξ2x) +
+∞∫
x

5∑
j=1

(c2jUj)(y, t+ ξ2(x− y))dy,

Uki (x, t) = bi(t+ ξix) +
+∞∫
x

5∑
j=1

(cijUj)(y, t+ ξi(x− y))dy,i = 3, 5,

(2.7)

where the functions bk3(s), b
k
4(s), b

k
5(s)k = 1, 2 are expressed by a1(s), a2(s) the coeffi-

cients cij(x, t), i, j = 1, 5 and the solutions of the first, second and third problems, respec-
tively, in the following way:

b13(t) = a1(t) + a2(t) +
+∞∫
0

5∑
j=1

[c1j(y,t−ξ1y)U1
j (y,t−ξ1y)

+

+c2j(y, t− ξ2y)U1
j (y, t− ξ2y)− c3j(y, t− ξ3y)U1

j (y, t− ξ3y)]dy,

b14(t) = a2(t) +
+∞∫
0

5∑
j=1

[c2j(y,t−ξ2y)U1
j (y,t−ξ2y)−c4j(y,t−ξ4y)U1

j (y,t−ξ4y)]dy
,

b15(t) = a1(t) +
+∞∫
0

5∑
j=1

[c1j(y, t− ξ1y)U1
j (y, t− ξ1y)−

−c5j(y, t− ξ5y)U1
j (y, t− ξ5y)]dy

(2.8)



b23(t) = a1(t) +
+∞∫
0

5∑
j=1

[c1j(y, t− ξ1y)U2
j (y, t− ξ1y)−

−c3j(y, t− ξ3y)U2
j (y, t− ξ3y)]dy,

b24(t) = a1(t) + a2(t) +
+∞∫
0

5∑
j=1

[c1j(y, t− ξ1y)U2
j (y, t− ξ1y)+

+c2j(y, t− ξ2y)U2
j (y, t− ξ2y)− c4j(y, t− ξ4y)U2

j (y, t− ξ4y)]dy,

b25(t) = a2(t) +
+∞∫
0

5∑
j=1

[c2j(y, t− ξ2y)U2
j (y, t− ξ2y)−

−c5j(y, t− ξ5y)U2
j (y, t− ξ5y)]dy

(2.9)



b33(t) = a2(t) +
+∞∫
0

5∑
j=1

[c2j(y, t− ξ2y)U3
j (y, t− ξ2y)−

−c3j(y, t− ξ3y)U3
j (y, t− ξ3y)]dy,

b34(t) = a1(t) +
+∞∫
0

5∑
j=1

[c1j(y, t− ξ1y)U3
j (y, t− ξ1y)−

−c4j(y, t− ξ4y)U3
j (y, t− ξ4y)]dy

b35(t) = a1(t) + a2(t) +
+∞∫
0

5∑
j=1

[c1j(y, t− ξ1y)U3
j (y, t− ξ1y)+

+c2j(y, t− ξ2y)U3
j (y, t− ξ2y)− c5j(y, t− ξ5y)U3

j (y, t− ξ5y)]dy

(2.10)
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It follows from theorem (2.1) that to each vector-function a(t) = (a1(t), a2(t)) ∈
L∞(R) giving the incident waves there correspond the solutions of three scattering prob-
lems of the system (2.1) with boundary conditions (2.3), (2.4), (2.5) and the given asymp-
totics Uk3 (x, t) = bk3(t+ ξ3x) + o(1),

Uk4 (x, t) = bk4(t+ ξ4x) + o(1),
Uk5 (x, t) = bk5(t+ ξ5x) + o(1), k = 1, 3, x→ +∞,

(2.11)

i.e. the vector of scattering waves b(t) =
(
b1 (t) , b2 (t) , b3 (t)

)
,where

bk (t) =
(
bk3 (t) , b

k
4 (t) , b

k
5 (t)

) (
k = 1, 3

)
. Relation (2.11) follows from (2.7) and condi-

tions (2.2). Thus, in the space of essentially bounded functions, we determined the operator
S =

(
S1, S2, S3

)
that takes a(t) to b(t):

Sk
(
a1(t)
a2(t)

)
=

 bk3(t)
bk4(t)
bk5(t)

 , k = 1, 3 (2.12)

Here,

S =
(
S1, S2, S3

)
and Sk =

Sk11Sk12Sk21S
k
22

Sk31S
k
32

 , k = 1, 3

bk3(t) = Sk11a1(t) + Sk12a2(t),
bk4(t) = Sk21a1(t) + Sk22a2(t),
bk5(t) = Sk31a1(t) + Sk32a2(t), k = 1, 3.

(2.13)

From (2.8), (2.9), (2.10) it follows that the elements of the operator have Sk(k = 1, 3)
have the form: S1

11 = I + F 1
11, S

1
12 = I + F 1

12,
S1
21 = F 1

21, S
1
22 = I + F 1

22,
S1
31 = I + F 1

31, S
1
32 = F 1

32,S2
11 = I + F 2

11, S
2
12 = F 2

12,
S2
21 = I + F 2

21, S
2
22 = I + F 2

22,
S2
31 = F 2

32, S
2
32 = I + F 2

32,
(2.14)

S3
11 = F 3

11, S
3
12 = I + F 3

12,
S3
21 = I + F 3

21, S
3
22 = F 3

22,
S3
31 = I + F 3

31, S
3
32 = I + F 3

32,

where the operators F kij(j = 1, 2, i, k = 1, 3,) are Fredholm integral operators.

3 The inverse scattering problem on a semi-axis on a first approximation

The inverse problem for the system (2.1), is in finding the coefficients of the system (2.1),
by the given scattering operator S on a semi-axis.

Here the coefficients of the system (2.1), are restored by the scattering operator on a
semi-axis constructed on a first approximation. It is constructed in the explicit form.
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For the first problem as a zero order approximation we take

U
(1,0)
k (x, t) = ak(t+ ξkx), k = 1, 2.

U
(1,0)
3 (x, t) = a1(t+ ξ3x) + a2(t+ ξ3x),

U
(1,0)
4 (x, t) = a2(t+ ξ4x),

U
(1,0)
5 (x, t) = a1(t+ ξ5x);

for the second problem

U
(2,0)
k (x, t) = ak(t+ ξkx), k = 1, 2.

U
(2,0)
3 (x, t) = a1(t+ ξ3x),

U
(2,0)
4 (x, t) = a1‘(t+ ξ4x) + a2(t+ ξ4x),

U
(2,0)
5 (x, t) = a2(t+ ξ5x);

for the third problem

U
(3,0)
k (x, t) = ak(t+ ξkx), k = 1, 2.

U
(3,0)
3 (x, t) = a2(t+ ξ3x),

U
(3,0)
4 (x, t) = a1(t+ ξ4x),

U
(3,0)
5 (x, t) = a1‘(t+ ξ5x) + a2(t+ ξ5x);

Then in equalities (2.8), (2.9)and (2.10) the first order approximations will be:

b13(t) = a1(t) + a2(t) +
+∞∫
0

5∑
j=1

[c1j(y, t− ξ1y)U (1,0)
j (y, t− ξ1y)+

+c2j(y, t− ξ2y)U (1,0)
j (y, t− ξ2y)− c3j(y, t− ξ3y)U (1,0)

j (y, t− ξ3y)]dy,

b14(t) = a2(t) +
+∞∫
0

5∑
j=1

[c2j(y, t− ξ2y)U (1,0)
j (y, t− ξ2y)−

−c4j(y, t− ξ4y)U (1,0)
j (y, t− ξ4y)]dy,

b15(t) = a1(t) +
+∞∫
0

5∑
j=1

[c1j(y, t− ξ1y)U (1,0)
j (y, t− ξ1y)−

−c5j(y, t− ξ5y)U (1,0)
j (y, t− ξ5y)]dy;

(3.1)



b23(t) = a1(t) +
+∞∫
0

5∑
j=1

[c1j(y, t− ξ1y)U (2,0)
j (y, t− ξ1y)−

−c3j(y, t− ξ3y)U (2,0)
j (y, t− ξ3y)]dy,

b24(t) = a1(t) + a2(t) +
+∞∫
0

5∑
j=1

[c1j(y, t− ξ1y)U (2,0)
j (y, t− ξ1y)+

+c2j(y, t− ξ2y)U (2,0)
j (y, t− ξ2y)−

−c4j(y, t− ξ4y)U (2,0)
j (y, t− ξ4y)]dy,

b25(t) = a2(t) +
+∞∫
0

5∑
j=1

[c2j(y, t− ξ2y)U (2,0)
j (y, t− ξ2y)−

−c5j(y, t− ξ5y)U (2,0)
j (y, t− ξ5y)]dy;

(3.2)
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b33(t) = a2(t) +
+∞∫
0

5∑
j=1

[c2j(y, t− ξ2y)U (3,0)
j (y, t− ξ2y)−

−c3j(y, t− ξ3y)U (3,0)
j (y, t− ξ3y)]dy,

b34(t) = a1(t) +
+∞∫
0

5∑
j=1

[c1j(y, t− ξ1y)U (3,0)
j (y, t− ξ1y)−

−c4j(y, t− ξ4y)U (3,0)
j (y, t− ξ4y)]dy,

b35(t) = a1(t) + a2(t) +
+∞∫
0

5∑
j=1

[c1j(y, t− ξ1y)U (3,0)
j (y, t− ξ1y)+

+c2j(y, t− ξ2y)U (3,0)
j (y, t− ξ2y)− c5j(y, t− ξ5y)U (3,0)

j (y, t− ξ5y)]dy;

(3.3)

respectively.
Taking into account in (2.13) and (2.14), we have:

c12(x, y) = (ξ2 − ξ1)
[
F 1
12(ξ1x+ y, ξ2x+ y)− F 2

12(ξ1x+ y, ξ2x+ y)
]
,

c13(x, y) = (ξ1 − ξ3)
[
F 2
12(ξ1x+ y, ξ3x+ y)− F 1

12(ξ1x+ y, ξ3x+ y)+

+
1

2
[F 3

22(ξ1x+ y, ξ3x+ y) + F 1
32(ξ1x+ y, ξ3x+ y)− F 3

21(ξ1x+ y, ξ3x+ y)]

]
c14(x, y) =

ξ1 − ξ4
2

[
F 3
21(ξ1x+ y, ξ4x+ y)− F 3

22(ξ1x+ y, ξ4x+ y)

+F 1
32(ξ1x+ y, ξ4x+ y)

]
,

c15(x, y) = (ξ1−ξ5)[F 1
31(ξ1x+y, ξ5x+y)−F 2

12(ξ3x+y, ξ5x+y)+F
1‘
12(ξ3x+y, ξ5x+y)+

+
1

2
[F 3

21(ξ1x+ y, ξ5x+ y)− F 3
22(ξ1x+ y, ξ5x+ y)− F 1

32(ξ1x+ y, ξ5x+ y)]],

c21(x, y) = (ξ1 − ξ2)
[
F 1
11(ξ2x+ y, ξ1x+ y)− F 2

11(ξ2x+ y, ξ1x+ y)
]
,

c23(x, y) = (ξ2 − ξ3)
[
F 1
22(ξ2x+ y, ξ3x+ y)− F 2

11(ξ2x+ y, ξ3x+ y)+

+ F 1
12(ξ2x+ y, ξ3x+ y)

]
,

c24(x, y) = (ξ4 − ξ2)
[
F 2
11(ξ2x+ y, ξ4x+ y)− F 1

12(ξ2x+ y, ξ4x+ y)
]
,

c25(x, y) = (ξ2 − ξ5)[F 2
32(ξ2x+ y, ξ5x+ y)− F 2

11(ξ2x+ y, ξ5x+ y)+

+F 1
12(ξ2x+ y, ξ5x+ y)],

c31(x, y) = (ξ3 − ξ1)F 2
11(ξ3x+ y, ξ1x+ y),

c32(x, y) = (ξ3 − ξ2)F 2
12(ξ3x+ y, ξ2x+ y),

c34(x, y) = (ξ4−ξ3)[F 3
11(ξ3x+y, ξ4x+y)−F 3

12(ξ3x+y, ξ4x+y)+2F 1
12(ξ3x+y, ξ4x+y)−

−2F 2
11(ξ3x+ y, ξ4x+ y)− F 1

22(ξ3x+ y, ξ4x+ y)],

c35(x, y) = (ξ5−ξ3)[F 3
12(ξ3x+y, ξ5x+y)−2F 1

12(ξ3x+y, ξ5x+y)+2F 2
11(ξ3x+y, ξ5x+y)−

−F 2
32(ξ3x+ y, ξ5x+ y)− F 1

22(ξ3x+ y, ξ5x+ y)],

c41(x, y) = (ξ4 − ξ1)F 3
21(ξ4x+ y, ξ1x+ y),
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c42(x, y) = (ξ4 − ξ2)F 2
22(ξ4x+ y, ξ2x+ y),

c43(x, y) = (ξ4 − ξ3)
[
F 1
22(ξ4x+ y, ξ3x+ y)− F 2

22(ξ4x+ y, ξ3x+ y)
]
,

c45(x, y) = (ξ5−ξ4)[F 2
22(ξ4x+y, ξ5x+y)−F 3

31(ξ4x+y, ξ5x+y)−F 1
12(ξ4x+y, ξ5x+y)+

+F 2
12(ξ4x+ y, ξ5x+ y)],

c51(x, y) = (ξ5−ξ1)[F 1
31(ξ5x+y, ξ1x+y)+F

2
32(ξ5x+y, ξ1x+y)−F 1

32(ξ5x+y, ξ1x+y)],

c52(x, y) = (ξ5−ξ2)[F 3
32(ξ5x+y, ξ2x+y)−F 1

32(ξ5x+y, ξ2x+y)+F
2
32(ξ5x+y, ξ2x+y)],

c53(x, y) = (ξ5 − ξ3)[F 1
32(ξ5x+ y, ξ3x+ y)− F 2

32(ξ5x+ y, ξ3x+ y)],

c54(x, y) = (ξ5 − ξ4)[F 1
32(ξ5x+ y, ξ4x+ y)− F 3

32(ξ5x+ y, ξ4x+ y)]. (3.4)
where F kij(t, τ) -kernel of the operators F kij(j = 1, 2, k = 1, 3). Note that from the remain-
ing relations we have:

F 1
21(t, τ) = F 2

21(t, τ), τ > t,

F 1
11(t, τ) = F 1

31(t, τ) + F 3
12(t, τ), τ < t,

F 1
11(t, τ) = F 3

12(t, τ) + F 2
12(t, τ)− F 1

12(t, τ) + F 1
31(t, τ), τ < t,

F 1
12(t, τ) = F 3

11(t, τ)− F 3
12(t, τ)− F 2

11(t, τ)− F 1
22(t, τ)+

+F 2
12(t, τ) + F 1

32(t, τ), τ < t,

F 1
21(t, τ) = F 3

22(t, τ)− F 3
31(t, τ) + F 2

12(t, τ) + F 1
22(t, τ)−

−2F 2
11(t, τ) + F 2

32(t, τ) + F 1
12(t, τ), τ < t,

F 2
11(t, τ) = F 3

11(t, τ)− F 3
12(t, τ) + F 1

12(t, τ)− 2F 2
11(t, τ)−

−F 1
22(t, τ) + F 2

12(t, τ) + F 1
32(t, τ), τ < t,

F 2
12(t, τ) = F 3

11(t, τ)− 2F 1
22(t, τ)− F 2

32(t, τ) + 2F 1
12(t, τ)− 2F 2

12(t, τ)+

+F 3
21(t, τ)− F 3

22(t, τ) + F 1
31(t, τ), τ < t,

F 2
21(t, τ) = F 2

12(t, τ) + F 1
32(t, τ)− F 1

12(t, τ) + F 1
22(t, τ), τ < t,

F 2
21(t, τ) = F 3

21(t, τ) + F 1
22(t, τ)− F 2

22(t, τ) + F 1
11(t, τ)− F 2

11(t, τ), τ > t

F 3
31(t, τ) = F 3

21(t, τ)− F 3
22(t, τ) + F 1

31(t, τ)− F 2
12(t, τ)−

−F 1
12(t, τ) + F 2

32(t, τ), τ < t,

F 2
31(t, τ) = F 1

31(t, τ) + F 1
32(t, τ)− F 3

32(t, τ) + F 1
11(t, τ)− F 2

11(t, τ), τ > t,

F 3
11(t, τ) = F 1

11(t, τ), τ > t,

F 3
12(t, τ) = F 2

12(t, τ), τ < t

F 3
22(t, τ) = F 1

22(t, τ), τ > t,

F 3
31(t, τ) = F 1

31(t, τ) + F 2
32(t, τ)− F 3

32(t, τ) + F 1
11(t, τ)− F 2

11(t, τ), τ > t

F 3
32(t, τ) = F 1

12(t, τ) + F 1
31(t, τ)− F 2

12(t, τ), τ < t,

(3.5)
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The scattering operator S has 18 elements on the axis or 36 elements on the semi-axis.
From 36 elements by formula (3.4) we find 20 coefficients of the system (2.1), 16 unneces-
sary elements are connected with 8 relations on the axis (16 on the semi-axis with respect
to t) by formula (3.5).
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