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ÈÑÑËÅÄÎÂÀÍÈÅ ÑÏÅÊÒÐÀ È ÔÎÐÌÓËÀ ÑËÅÄÀ ÎÏÅÐÀÒÎÐÍÎÃÎ

ÓÐÀÂÍÅÍÈß ÁÅÑÑÅËß

Í.Ì.Àñëàíîâà

Èññëåäîâàíà àñèìïòîòèêà ôóíêöèè ðàñïðåäåëåíèÿ è âû÷èñëåí ðåãóëÿðè-çîâàííûé ñëåä

êðàåâîé çàäà÷è äëÿ äèôôåðåíöèàëüíî-îïåðàòîðíîãî óðàâíåíèÿ ñ ãðàíè÷íûì óñëîâèåì çàâè-

ñÿùèì îò ñïåêòðàëüíîãî ïàðàìåòðà.

Ââåäåíèå. Ïóñòü H-ñåïàðàáåëüíîå ãèëüáåðòîâî ïðîñòðàíñòâî è (·, ·)-ñêàëÿðíîå
ïðîèçâåäåíèå, à ‖·‖-íîðìà â íåì.

Ïóñòü òàêæå L2 = L2 (H, (0, 1))⊕H. Ñêàëÿðíîå ïðîèçâåäåíèå â L2 çàäàåòñÿ êàê

(Y, Z)L2
=

1∫
0

(y (t) , z (t)) dt+ (y1, z1),

ãäå Y = {y (t) , y1}, Z = {z (t) , z1}; y (t), z (t) ∈ L2 (H, (0, 1)); y1, z1 ∈ H.
Â ïðîñòðàíñòâå L2 (H, (0, 1)) ðàññìîòðèì çàäà÷ó

l[y] ≡ −y′′ (t) +
ν2 − 1

4

t2
y(t) + Ay(t) + q (t) y = λy(t), ν ≥ 1 (1)

y′ (1)− λy (1) = 0, (2)

ãäå A- ñàìîñîïðÿæåííûé ïîëîæèòåëüíî îïðåäåëåííûé îïåðàòîð â H
(ìîæíî ñ÷èòàòü, ÷òî A > E, E-åäèíè÷íûé îïåðàòîð â H) è ÿâëÿåòñÿ îáðàòíûì äëÿ
âïîëíå íåïðåðûâíîãî.

Ïðåäïîëîæèì òàêæå, ÷òî îïåðàòîðíàÿ ôóíêöèÿ q (t) ñëàáî èçìåðèìà, ‖q (t)‖ êàê
ôóíêöèÿ îò t îãðàíè÷åíà íà [0, 1] è óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

1. q (t) èìååò âòîðóþ ñëàáóþ ïðîèçâîäíóþ íà [0, 1], è q(l) (t) (l = 0, 1, 2) ïðè êàæäîì
t ∈ [0, 1] ÿâëÿþòñÿ ÿäåðíûìè ñàìîñîïðÿæåííûìè îïåðàòîðà-ìè â H, ò.å. q(l) (t) ∈ σ1,[
q(l) (t)

]∗
= q(l) (t).

2. Ôóíêöèè
∥∥q(l) (t)

∥∥
1

(l = 0, 1, 2) îãðàíè÷åíû íà îòðåçêå [0, 1]
(‖ · ‖1−íîðìà â σ1).

3.
1∫
0

(q (t) f, f)dt = 0, ïðè ëþáîì f ∈ H.
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Ïðè q (t) ≡ 0, ñ çàäà÷åé (1), (2) â ïðîñòðàíñòâå L2 ìîæíî ñâÿçàòü ñàìîñîïðÿæåííûé
îïåðàòîð L0 ñ îáëàñòüþ îïðåäåëåíèÿ

D (L0) = {Y ∈ L2|l[y] ∈ L2 (H, (0, 1)) è y1 = y (1)} ,

äåéñòâóþùèé êàê
L0 (Y ) = {l[y], y′ (1)}.

Ëåãêî ïðîâåðèòü, ÷òî òàê îïðåäåëåííûé îïåðàòîð ñàìîñîïðÿæåííûé è äëÿ Y = {y(t), y(1)} ∈
D(L0) âûïîëíÿåòñÿ y(0) = y′(0) = 0.

Ïðè q (t) 6≡ 0 ñîîòâåòñòâóþùèé îïåðàòîð îáîçíà÷èì L : L = L0 + Q, ãäå Q :
Q{y (t) , y (1)} = {q (t) y (t) , 0}-îãðàíè÷åííûé ñàìîñîïðÿæåííûé îïåðàòîð â L2.

Öåëü íàñòîÿùåé ðàáîòû - óñòàíîâèòü äèñêðåòíîñòü ñïåêòðà çàäà÷è (1), (2), èçó÷èòü
àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå ñîáñòâåííûõ çíà÷åíèé, çíàÿ àñèìïòîòèêó ñîáñòâåí-
íûõ ÷èñåë îïåðàòîðà A è ïîëó÷èòü ôîðìóëó
ðåãóëÿðèçîâàííîãî ñëåäà îïåðàòîðà L.

Îòìåòèì, ÷òî àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå ñîáñòâåííûõ çíà÷åíèé êðàåâûõ çà-
äà÷ äëÿ äèôôåðåíöèàëüíî-îïåðàòîðíîãî óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ áåç îñîáåí-
íîñòåé íà êîíå÷íîì îòðåçêå è ñî ñïåêòðàëüíûì ïàðàìåòðîì â ãðàíè÷íûõ óñëîâèÿõ
èçó÷åíî â ðàáîòàõ [1], [2], [3].

Â ðàáîòàõ [4]-[13] èññëåäîâàíû ñïåêòð è ðåãóëÿðèçîâàííûé ñëåä äëÿ ðàçëè÷íûõ
îïåðàòîðîâ. Ïîäðîáíàÿ áèáëèîãðàôèÿ ïî ýòîé òåìå èìååòñÿ â [12].

1. Äèñêðåòíîñòü ñïåêòðà. Ñíà÷àëà èññëåäóåì çàäà÷ó (1), (2) ïðè q (t) ≡ 0. Óñëî-
âèÿ A > E â H è ν ≥ 1 âëåêóò ïîëîæèòåëüíóþ îïðåäåëåí-íîñòü îïåðàòîðà L0 â L2.
Äåéñòâèòåëüíî, äëÿ ëþáîãî Y ∈ D (L0) èìååì

(L0Y, Y )L2
=

1∫
0

(
−y′′ (t) +

ν2 − 1
4

t2
y (t) + Ay (t) , y (t)

)
dt+

+ (y′ (1) , y (1)) ≥
1∫

0

‖y′ (t)‖2
dt+

1∫
0

‖y (t)‖2dt.

Ïîñêîëüêó âëîæåíèåW 1
2 (H; (0, 1)) ⊂ C (H, [0, 1]) íåïðåðûâíî, òî (ñì. [14], ñ.48, [15],

òåîðåìà 1.7.7)
‖y (1)‖ ≤ C‖y (t)‖W 1

2 (H;(0,1)),
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ãäå C > 0- íåêîòîðàÿ êîíñòàíòà. Ñëåäîâàòåëüíî,

(L0Y, Y )L2
≥ C

 1∫
0

‖y (t)‖2dt+ ‖y (1)‖2

 = C‖Y ‖2
L2
,

ò.å. îïåðàòîð L0 ïîëîæèòåëüíî îïðåäåëåí.
Ïóñòü ÷èñëà γ1 ≤ γ2 ≤ ... ≤ γn ≤ ... ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷å-íèÿìè, à ýëå-

ìåíòû ϕ1, ϕ2, ..., ϕn, ... ñîîòâåòñòâóþùèìè èì îðòîíîðìèðî-âàííûìè âH ñîáñòâåííûìè
âåêòîðàìè îïåðàòîðà A. Ïîëîæèì y(t) ∈ D(A), ∀t ∈ [0, 1] è yk (t) = (y (t) , ϕk). Òîãäà

(y, y) =
∞∑
k=1

|yk (t)|2,
((

ν2 − 1
4

t2
E + A

)
y, y

)
=

=
∞∑
k=1

(
ν2 − 1

4

t2
+ γk

)
|yk (t)|2. (1.1)

Òåîðåìà 1.1. Ïðè óñëîâèè âïîëíå íåïðåðûâíîñòè A−1 â H, îïåðàòîð L0 èìååò
äèñêðåòíûé ñïåêòð.

Äîêàçàòåëüñòâî. Òàê êàê L0 ïîëîæèòåëüíî îïðåäåëåí, òî ïî òåîðåìå Ðåëëèõà
äëÿ äîêàçàòåëüñòâà äèñêðåòíîñòè ñïåêòðà äîñòàòî÷íî ïîêàçàòü êîìïàêòíîñòü â L2

ìíîæåñòâà âåêòîðîâ ([16], ñòð. 386).

Y =

Y ∈ D (L0) / (L0Y, Y ) =

1∫
0

[(y′ (t) , y′ (t)) +

+

((
ν2 − 1

4

t2
E + A

)
y(t), y(t)

)]
dt ≤ 1

}
. (1.2)

Ñïåðâà äîêàæåì ñëåäóþùóþ ëåììó.
Ëåììà 1.1. Äëÿ ëþáîãî ε > 0 ìîæíî íàéòè òàêîå R = R (ε), ÷òî

1∫
0

∞∑
k=R+1

|yk (t)|2dt+
∞∑

k=R+1

|yk (1)|2 < ε.

Äîêàçàòåëüñòâî. Èç ðàâåíñòâ (1.1) ñëåäóåò, ÷òî åñëè Y ∈ Y, òî

1∫
0

∞∑
k=R+1

|yk (t)|2dt =
1

γR

1∫
0

∞∑
k=R+1

|yk (t)|2γRdt ≤
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≤ 1

γR

1∫
0

(Ay(t), y(t))dt ≤ 1

γR
(L0Y, Y ) ≤ 1

γR
.

Òàê êàê γR → ∞ ïðè R → ∞, äëÿ ëþáîãî ε > 0 ìîæíî âûáðàòü òàêîå R (ε), ÷òî
1
γR
< ε2

(√
2− 1

)2
. Çíà÷èò ïðè òàêîì R âûïîëíÿåòñÿ íåðàâåíñòâî

1∫
0

∞∑
k=R+1

|yk (t)|2dt < ε2
(√

2− 1
)2

. (1.3)

Ñ äðóãîé ñòîðîíû, ó÷èòûâàÿ (1.2)

∞∑
k=R+1

|yk (1)|2 =
∞∑

k=R+1

∣∣∣∣∣∣
1∫

0

(
y2
k (t)

)′
dt

∣∣∣∣∣∣ =
∞∑

k=R+1

∣∣∣∣∣∣
1∫

0

2y′k (t) yk (t) dt

∣∣∣∣∣∣ ≤

≤ 2

 ∞∑
k=R+1

1∫
0

|y′k (t)|2dt


1
2
 ∞∑
k=R+1

1∫
0

|yk (t)|2dt


1
2

≤ 2
√
γR

< 2ε
(√

2− 1
)
.

Èç (1.3) è ïîñëåäíåãî íåðàâåíñòâà, ïîëó÷èì

1∫
0

∞∑
k=R+1

|yk (t)|2dt+
∞∑

k=R+1

|yk (1)|2 < ε
(√

2− 1
)2

+ 2ε
(√

2− 1
)
< ε.

Ëåììà äîêàçàíà.
Ïóñòü Y ∈ Y. ×åðåç ER îáîçíà÷èì ìíîæåñòâî âñåõ âåêòîð ôóíêöèé Ỹ = {ỹ1, ..., ỹR},

ãäå ỹk = {yk (t) , yk (1)} ∈ L2 (0, 1)⊕ C. Èç ëåììû 1.1 ñëåäóåò, ÷òî ìíîæåñòâî ER åñòü
ε - ñåòü â L2 äëÿ ìíîæåñòâà Y. Ïîýòîìó äëÿ äîêàçàòåëüñòâà êîìïàêòíîñòè ìíîæåñòâà
Y, íàäî äîêàçàòü êîìïàêòíîñòü â L2 ìíîæåñòâà ER. Òàê êàê |yk (1)| ≤ 1 (k = 1, .., R),
äëÿ ýòîãî äîñòàòî÷íî ïîêàçàòü, ÷òî ê yk (t) (k = 1, .., R) ïðèìåíèì êðèòåðèé êîìïàêò-
íîñòè â L2 (0, 1) ([17], ñòð. 291).

Íàì ñëåäóåò ïîêàçàòü, ÷òî ôóíêöèè yk (t) ðàâíîìåðíî îãðàíè÷åíû è ðàâíîñòåïåííî
íåïðåðûâíû â ìåòðèêå L2 (0, 1). Ñîãëàñíî (1.2)

1∫
0

|yk (t)|2dt =

1∫
0

t∫
0

|y′k (τ)|2dτdt ≤
1∫

0

|y′k (τ)|2dτ ≤ 1.
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Ýòà äîêàçûâàåò ðàâíîìåðíóþ îãðàíè÷åííîñòü ôóíêöèé yk (t). Äëÿ äîêàçàòåëüñòâà
ðàâíîìåðíîé íåïðåðûâíîñòè çàìåòèì, ÷òî

|yk (t+ η)− yk (t)| ≤
η∫

0

|y′k (t+ ξ)|dξ

è ïðîäîëæèì yk (t) âî âíå (0, 1) íóëåì.
Èìååì

1∫
0

|yk (t+ η)− yk (t)|2dt =

1−η∫
0

|yk (t+ η)− yk (t)|2dt+
1∫

1−η

|yk (t)|2dt, (1.4)

1∫
1−η

|yk (t)|2dt =

1∫
1−η

∣∣∣∣∣∣
t∫

0

y′k (τ) dτ

∣∣∣∣∣∣
2

dt ≤
1∫

1−η

∣∣∣∣∣∣
1∫

0

y′k (τ) dτ

∣∣∣∣∣∣
2

dt ≤ η, (1.5)

1−η∫
0

|yk (t+ η)− yk (t)|2dt ≤
1−η∫
0

 η∫
0

|y′k (τ + t)|dτ

2

dt ≤

≤
1−η∫
0

η

η∫
0

|y′k (τ + t)|2dτdt ≤
1−η∫
0

η

1∫
0

|y′k (τ)|2dτdt < η (1− η) < η. (1.6)

Åñëè |η| < ε, òî ó÷èòûâàÿ (1.5), (1.6) â (1.4) ïîëó÷èì

1∫
0

|yk (t+ η)− yk (t)|2dt < 2ε,

÷òî ïîêàçûâàåò ðàâíîñòåïåííóþ íåïðåðûâíîñòü ìíîæåñòâà ER.
Ýòèì çàâåðøàåòñÿ äîêàçàòåëüñòâî äèñêðåòíîñòè ñïåêòðà L0.

2. Àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå ñîáñòâåííûõ çíà÷åíèé

îïåðàòîðà L0. Ïðåäïîëîæèì, ÷òî ñîáñòâåííûå ÷èñëà îïåðàòîðà A − γn ∼ a · nα
(n→∞, a > 0, α > 0).

Ó÷èòûâàÿ ñïåêòðàëüíîå ðàçëîæåíèå îïåðàòîðà A, äëÿ êîýôôèöèåíòîâ yk(t) =
(y(t), ϕk) ïîëó÷àåì ñëåäóþùóþ çàäà÷ó:

−y′′k (t) +
ν2 − 1

4

t2
yk (t) = (λ− γk) yk (t) , t ∈ (0, 1) , (2.1)
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y′k (1)− λyk (1) = 0. (2.2)

Ðåøåíèå çàäà÷è (2.1) èç L2(0, 1) èìååò âèä

yk (t) =
√
tJν

(
t
√
λ− γk

)
.

Äëÿ òîãî, ÷òîáû îíî åùå óäîâëåòâîðÿëî (2.2), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

1

2
Jν

(√
λ− γk

)
+
√
λ− γkJ ′ν

(√
λ− γk

)
− λJν

(√
λ− γk

)
= 0 (2.3)

õîòÿ áû ïðè îäíîì γk (λ 6= γk). Òàêèì îáðàçîì, ñïåêòð îïåðàòîðà L0 ñîñòîèò èç òåõ
âåùåñòâåííûõ λ 6= γk, êîòîðûå õîòÿ áû ïðè îäíîì k óäîâëåòâîðÿþò (2.3).

Îáîçíà÷èì z =
√
λ− γk. Òîãäà óðàâíåíèå (2.3) ïðèîáðåòàåò âèä

zJ ′ν (z) +

(
1

2
− z2 − γk

)
Jν (z) = 0, (2.4)

èëè æå ïîëüçóÿñü ñîîòíîøåíèåì ([18], ñòð.56)

zJ ′ν (z) = zJν−1 (z)− νJν (z) ,

èìååì

zJν−1 (z) +

(
1

2
− ν − z2 − γk

)
Jν (z) = 0. (2.5)

Îòûùåì ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà L0, ìåíüøèå γk. Ýòèì
çíà÷åíèÿì ñîîòâåòñòâóþò ìíèìûå êîðíè óðàâíåíèÿ (2.5).

Âçÿâ z = 2i
√
y è ïîëüçóÿñü ([18], ñòð.51)

∞∑
n=0

yn

n!Γ (n+ ν + 1)
=
Jν
(
2i
√
y
)(

i
√
y
)ν

óðàâíåíèå (2.5) íàïèøåì â âèäå

2i
√
y (i
√
y)ν−1

∞∑
n=0

yn

n!Γ (n+ ν)
+

+

(
4y − γk − ν +

1

2

)
(i
√
y)ν

∞∑
n=0

yn

n!Γ (n+ ν + 1)
= 0,
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èëè æå

2
∞∑
n=0

yn

n!Γ (n+ ν)
+

(
4y − γk − ν +

1

2

) ∞∑
n=0

yn

n!Γ (n+ ν + 1)
=

=
∞∑
n=0

yn

n!

(4n+ 2) (ν + n)−
(
γk + ν − 1

2

)
Γ (ν + n) (ν + n)

= 0. (2.6)

Òàê êàê (4w + 2) (ν + w)−
(
γk + ν − 1

2

)
= 0 â òî÷êàõ

w = −
ν + 1

2

2
±

√
ν2 − 1

4
+ γk

2

êîýôôèöèåíòû ïðè y â (2.6) ñòàíîâÿòñÿ ïîëîæèòåëüíûìè ïðè

n >

−ν + 1
2

2
+

√
ν2 − 1

4
+ γk

2

. (2.7)

Ïóñòü N−÷èñëî ïîëîæèòåëüíûõ íóëåé ðÿäà (2.6), W−÷èñëî ïåðåìåí çíàêà â ïî-
ñëåäîâàòåëüíîñòè åãî êîýôôèöèåíòîâ. Òàê êàê ðàäèóñ ñõîäè-ìîñòè ýòîãî ðÿäà −∞, òî
ïî ïðàâèëó çíàêîâ Äåêàðòà ([19, ñòð. 52) W −N ïðåäñòàâëÿåò ñîáîé íåîòðèöàòåëüíîå
÷åòíîå ÷èñëî. Ñîãëàñíî (2.7) â íàøåì ñëó÷àå W = 1, ïîýòîìó N = 1, ò.å. íà÷èíàÿ
ñ íåêîòîðîãî k óðàâíåíèå (2.6) èìååò òî÷íî îäèí ïîëîæèòåëüíûé êîðåíü, êîòîðîìó
ñîîòâåòñòâóåò ìíèìûé êîðåíü óðàâíåíèÿ (2.5).

Íàéäåì àñèìïòîòèêó ìíèìûõ êîðíåé óðàâíåíèÿ (2.5). Îáîçíà÷èâ z = iy è ïîëüçó-
ÿñü àñèìïòîòèêîé Jν (z) ïðè áîëüøèõ ïî ìîäóëþ ìíèìûõ z ([20], ñòð. 976)

Jν (iy) = Iν (y) e
π
2
νi, Iν (y) ∼ ey√

2πy

(
1−

ν2 − 1
4

2y
+O

(
1

y2

))
,

ïîëó÷èì y ∼ ν2− 9
4

4
+
√
γk −

√
γk(ν2 − 1

4
) îòêóäà

λk ∼
2ν2 + 7

2

4

√
γk.

Íàéäåì àñèìïòîòèêó òåõ ðåøåíèé óðàâíåíèÿ (2.3) êîòîðûå áîëüøå γk, äðóãèìè
ñëîâàìè âåùåñòâåííûõ êîðíåé óðàâíåíèÿ (2.5).

Ó÷èòûâàÿ ñëåäóþùóþ àñèìïòîòèêó ïðè áîëüøèõ |z| ([18], ñòð. 222)

Jν (z) =

√
2

nz
cos
(
z − νπ

2
− π

4

)(
1 +O

(
1

z

))
7



ïîëó÷àåì, ÷òî

ctg
(
z − νπ

2
− π

4

)
=

z
1
2
− z2 − γk − ν

(
1 +O

(
1

z

))
,

îòêóäà

zm,k =
νπ

2
− π

4
+ πm+O

(
1

z

)
,

ãäå m−ïðèíèìàåò áîëüøèå öåëûå çíà÷åíèÿ.
Èòàê, ïðèõîäèì ê ñëåäóþùåìó óòâåðæäåíèþ.
Ëåììà 2.1. Ñîáñòâåííûå ÷èñëà îïåðàòîðà L0 ðàñïàäàþòñÿ íà äâå ñåðèè:

λk ∼
2ν2 + 7

2

4

√
γk; λm,k = γk + z2

m,k = γk + αm,

ãäå αm ∼
(
πm+ νπ

2
− π

4

)2
.

Îáîçíà÷èì ìíèìûå êîðíè (2.5) ÷åðåç x0,k, à âåùåñòâåííûå êîðíè ÷åðåç xm,k.
Òåïåðü äîêàæåì ñëåäóþùèå äâå ëåììû, êîòîðûå ïîíàäîáÿòñÿ íàì â äàëüíåéøåì.
Ëåììà 2.2. Óðàâíåíèå (2.5) íå èìååò äðóãèõ êîìïëåêñíûõ êîðíåé, êðîìå ìíè-

ìûõ.
Äîêàçàòåëüñòâî. Ïóñòü α áóäåò êîìïëåêñíûì êîðíåì ôóíêöèè

zJ ′ν (z) +
(

1
2
− z2 − γk

)
Jν (z), òîãäà α0 = ᾱ òàêæå áóäåò êîðíåì ýòîé ôóíêöèè, òàê

êàê ðÿä äëÿ Jν (z)

Jν (z) =
(z

2

)ν ∞∑
m=0

(−1)m
(
z
2

)m
m!Γ (ν +m+ 1)

èìååò âåùåñòâåííûå êîýôôèöèåíòû. Èç óðàâíåíèÿ Áåññåëÿ, ñ λ = α è λ = α0 ïîëó÷à-
åòñÿ, ÷òî ([18], ñòð. 531)

x∫
0

tJν (αt)Jν (α0t) dt =
x

α2 − α2
0

(
Jν (αx)

dJν (αx)

dx
− Jν (α0x)

dJν (αx)

dx

)
,

è, òàêèì îáðàçîì, ïðèìåíèìàÿ âî âíèìàíèå, ÷òî α2 6= α2
0, Jν (αt) =

= Jν (α0t)

1∫
0

t|Jν (αt)|2dt =
1

α2 − α2
0

(Jν (α)α0J
′
ν (α0)− Jν (α0)αJ ′ν (α)) ,

8



èìåÿ ââèäó
α0J

′
ν (α0) =

(
α2

0 + γk − 1
2

)
Jν (α0) ,

αJ ′ν (α) =
(
α2 + γk − 1

2

)
Jν (α)

ïîëó÷èì
1∫

0

t|Jν (αt)|2dt =

=
Jν (α) Jν (α0)

(
α2

0 + γk − 1
2

)
− Jν (α0) Jν (α)

(
α2 + γk − 1

2

)
α2 − α2

0

=

=
(α2

0 − α2)

α2 − α2
0

|Jν (α)|2 = −|Jν (α)|2.

Ïîäèíòåãðàëüíîå âûðàæåíèå ñëåâà ïîëîæèòåëüíî, à ñïðàâà ïîëó÷è-ëè îòðèöàòåëü-
íîå ÷èñëî, è ìû ïðèøëè, òàêèì îáðàçîì, ê ïðîòèâîðå÷èþ.

Ñëåäîâàòåëüíî, ÷èñëî α íå ìîæåò ñóùåñòâîâàòü, è ëåììà äîêàçàíà.
Ïóñòü C- ïðÿìîóãîëüíûé êîíòóð ñ âåðøèíàìè

±iB, ±iB +mπ +
1

2
νπ +

π

4
= ±iB + Am,

ãäå B-áîëüøîå ïîëîæèòåëüíîå ÷èñëî, è êîòîðûé îáõîäèò íà÷àëà êîîðäè-íàò è ìíèìûé
êîðåíü −ix0,k ïî ìàëîé ïîëóîêðóæíîñòè ñïðàâà îò ìíèìîé îñè, è ix0,k ñëåâà.

Äîêàæåì ñëåäóþùóþ ëåììó.
Ëåììà 2.3. Åñëè m− äîñòàòî÷íî áîëüøîå öåëîå ÷èñëî, òî ÷èñëî êîðíåé ôóíêöèè

z−ν
(
zJ ′ν (z) +

(
1
z
− z2 + γk

)
Jν (z)

)
ìåæäó ìíèìîé îñüþ è ëèíèåé Rez = mπ + νπ

2
+ π

4

â òî÷íîñòè ðàâíî m.
Äîêàçàòåëüñòâî. Ïîñêîëüêó z−ν

[
zJ ′ν (z) +

(
1
2
− z2 − γk

)
Jν (z)

]
ÿâëÿåòñÿ öåëîé ôóíêöèåé îò z, ÷èñëî åå êîðíåé âíóòðè C ðàâíî

1

2πi

∫
c

[
z−ν

(
zJ ′ν (z) +

(
1
2
− z2 − γk

)
Jν (z)

)]′
z−ν

(
zJ ′ν (z) +

(
1
2
− z2 − γk

)
Jν (z)

) dz =

=
1

2πi

∫
c

[
z−ν

(
−zJν+1 (z) +

(
1
2
− z2 − γk + ν

)
Jν (z)

)]′
z−ν

(
zJ ′ν (z) +

(
1
2
− z2 − γk

)
Jν (z)

) dz =

=
1

2πi

∫
c

−Jν+1 (z)
(

1
2
− z2 − γk + ν

)
+ 2νJν+1 (z)− 3zJν (z)

−zJν+1 (z) +
(

1
2
− z2 − γk + ν

)
Jν (z)

dz

9



Çäåñü ìû âîñïîëüçîâàëèñü òîæäåñòâàìè ([18], ñòð. 55)

zJ ′ν (z) = νJν (z)− zJν+1 (z) ,

zJ ′ν+1 (z) = zJν (z)− (ν + 1) Jν+1 (z) .

Ïîñêîëüêó ïîäèíòåãðàëüíàÿ ôóíêöèÿ íå÷åòíàÿ, â îêðåñòíîñòè íóëÿ ïîðÿäîê ÷èñ-
ëèòåëÿ O (zν+1), çíàìåíàòåëÿ O (zν), òî èíòåãðàë âäîëü ëåâîé ÷àñòè êîíòóðà ïðåâðà-
ùàåòñÿ â íîëü.

Ðàññìîòðèì èíòåãðàëû ïî îñòàâøèìñÿ òðåì ñòîðîíàì êîíòóðà.
Çàìåòèì ñíà÷àëà, ÷òî íà ýòèõ ñòîðîíàõ ([18], ñòð. 221, ñòð.88)

H(1)
ν (z) =

(
2

πz

) 1
2

ei(z−
νπ
2
−π

4 ){1 + η1,ν (z)},

H(2)
ν (z) =

(
2

πz

) 1
2

e−i(z−
νπ
2
−π

4 ){1 + η2,ν (z)},

Jν (z) =
H

(1)
ν (z) +H

(2)
ν (z)

2
,

ãäå η1,ν (z), η2,ν (z) áóäóò ïîðÿäêà O
(

1
z

)
, êîãäà |z| âåëèê.

1

2πi

iB∫
iB+mπ+ νπ

2
+π

4

−Jν+1 (z)
(

1
2
− z2 − γk + ν

)
+ 2νJν+1 (z)− 3zJν (z)

−zJν+1 (z) +
(

1
2
− z2 − γk + ν

)
Jν (z)

dz ∼

∼ 1

2πi

iB+mπ+ νπ
2

+π
4∫

iB

Jν+1 (z)

Jν (z)

(
1 +O

(
1

z

))
dz =

=
1

2πi

iB+mπ+ νπ
2

+π
4∫

iB

[
1 + η2,ν+1 (z)

1 + η2,ν (z)

][
1 +O

(
e2iz
)]
dz → m

2
+
ν

4
+

1

8
.

Àíàëîãè÷íî, èíòåãðàë ïî íèæíåé ñòîðîíå ñòðåìèòñÿ ê ýòîé æå âåëè÷èíå.
Äëÿ âû÷èñëåíèÿ èíòåãðàëà âäîëü ÷åòâåðòîé ñòîðîíû âîñïîëüçóåìñÿ ñîîòíîøåíèåì

[18, ñòð. 547]
Jν+1 (z)

Jν (z)
− tg

(
z − νπ

2
− π

4

)
=

2ν + 1

2z
+O

(
1

z2

)
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ïðè áîëüøîì |z|.
Òàê êàê O

(
1
z

)
îñòàåòñÿ îãðàíè÷åííîé íà ïðàâîé ÷àñòè êîíòóðà, ó÷èòûâàÿ

iB+mπ+ νπ
2

+π
4∫

−iB+mπ+ νπ
2

+π
4

tg
(
z − νπ

2
− π

4

)
dz = 0,

ïîëó÷àåì

− 1

2πi

iB+mπ+ νπ
2

+π
4∫

−iB+mπ+ νπ
2

+π
4

[
Jν+1 (z)

Jν (z)

(
1 +O

(
1

z

))]
dz =

= − 1

2πi

iB+mπ+ νπ
2

+π
4∫

−iB+mπ+ νπ
2

+π
4

[
2ν + 1

2z
+ tg

(
z − νπ

2
− π

4

)
+O

(
1

z2

)]
×

×
(

1 +O

(
1

z

))
dz ∼ −1

4
(2ν + 1) +O

(
1

m

)
.

Ñëåäîâàòåëüíî, ïðåäåë èíòåãðàëà ïî âñåìó êîíòóðó ðàâåí m+O
(

1
m

)
, à ïîñêîëüêó

èíòåãðàë äîëæåí áûòü öåëûì ÷èñëîì, îí ðàâåí m.
Ëåììà äîêàçàíà.
×åðåç N (λ, L0) îáîçíà÷èì ôóíêöèþ ðàñïðåäåëåíèÿ ñîáñòâåííûõ

çíà÷åíèé îïåðàòîðà L0:

N (λ, L0) =
∑

λj(L0)<λ

1 = N1 (λ) +N2 (λ) ,

ãäå

N1 (λ) =
∑
λk<λ

1, N1 (λ) =
∑
λn,k<λ

1.

Ïîñêîëüêó γk ∼ a · kα, òî

λk ∼
2ν2 + 7

2

4

√
ak

α
2 = c1k

α
2 .

Ïîýòîìó

N1 (λ) ∼ 1

c
2
α
1

λ
2
α . (2.8)
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Èç àñèìïòîòèêè xm,k âûòåêàåò, ÷òî ìîæíî íàéòè òàêîå c, ÷òî ïðè áîëüøèõ m

πm < xm,k < πm+ c.

Ó÷èòûâàÿ ýòî íåðàâåíñòâî, òàêæå ëåììó 2.3 ïîëó÷èì, ÷òî N2 (λ)
ìåíüøå N ′2 (λ)- ÷èñëà ïîëîæèòåëüíûõ öåëî÷èñëåííûõ ïàð (m, k) óäîâëåò-âîðÿþùèõ
íåðàâåíñòâó

π2m2 + akα < λ, (2.9)

áîëüøåN ′′2 (λ)−÷èñëà öåëî÷èñëåííûõ ïîëîæèòåëüíûõ ïàð óäîâëåòâîðÿþùèõ (πm+ c)2+
akα < λ :

N ′′2 (λ) < N2 (λ) ≤ N ′2 (λ) . (2.10)

Ñëåäîâàòåëüíî, èç (2.9) è (2.10) ìîæíî ïîëó÷èòü (ñì. [21, §3, ëåììà 2])

2γλ
2+α
2α

πα
√
a
− (c+ 1)

(
λ

a

) 1
α

+
1

π
λ

1
2 ≤ N ′′2 (λ) ≤ N2 (λ) ≤ N ′2 (λ) ≤ 2γλ

2+α
2α

πα
√
a
,

ãäå γ =
π∫
0

cos2 t sin t
2
α
−1dt.

Îòêóäà ïîëó÷àåì, ÷òî

N2 (λ) ∼ 2γλ
2+α
2α

πα
√
a
. (2.11)

Òàêèì îáðàçîì, èç (2.8) è (2.11)

N (λ) ∼ 1

c
2
α
1

λ
2
α +

2γλ
2+α
2α

πα
√
a
.

Èòàê, åñëè α > 2, òî

N (λ, L0) ∼ 2γλ
2+α
2α

πα
√
a

è, ñëåäîâàòåëüíî,

λn (L0) ∼ dn
2+α
2α

(
d =

[
2γ

πα
√
a

]− 2α
2+α

)
Åñëè æå α < 2, òî N (λ, L0) ∼ 1

c
2
α
1

λ
2
α è ñëåäîâàòåëüíî, λn (L0) ∼ c1n

α
2 .

Ïðè α = 2 N (λ) ∼
[

1

c
2
α
1

+ 2γ
πα
√
a

]
λ, îòêóäà λn (L0) ∼ dn.
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Îïðåäåëèì àñèìïòîòèêó ñîáñòâåííûõ ÷èñåë îïåðàòîðà L = L0 + Q. Ïîñêîëüêó Q
îãðàíè÷åííûé îïåðàòîð â L2, èç ñîîòíîøåíèÿ äëÿ ðåçîëüâåíò îïåðàòîðîâ L0 è L [22,
ñòð. 180]

Rλ (L) = Rλ (L0)−Rλ (L)QRλ (L0) (2.12)

çàêëþ÷àåì, ÷òî ñïåêòð L òàêæå äèñêðåòåí.
Ïîëüçóÿñü (2.12) è òàêæå ñâîéñòâàì s ÷èñåë âïîëíå íåïðåðûâíûõ îïåðàòîðîâ ([22],

ñòð. 44, 49), ïî òîé æå ñõåìå, ÷òî è â [2] ìîæíî ïîëó÷èòü ñëåäóþùóþ àñèìïòîòèêó
äëÿ ñîáñòâåííûõ ÷èñåë îïåðàòîðà L− µn (L) : µn (L) ∼ dnδ.

Òàêèì îáðàçîì, ïðèõîäèì ê ñëåäóþùåé òåîðåìå
Òåîðåìà 2.1. Ïóñòü γn ∼ anα (0 < a, α = const). Òîãäà

λn (L0) ∼ µn (L) ∼ dnδ, (2.13)

ãäå

δ =


2α
α+2

, ïðè α > 2
α
2
, ïðè α < 2

1, ïðè α = 2
(2.14)

3. Ðåãóëÿðèçîâàííûé ñëåä îïåðàòîðà L.
Ïóñòü A0 ñàìîñîïðÿæåííûé ïîëîæèòåëüíûé äèñêðåòíûé îïåðàòîð, R0(λ) åãî ðå-

çîëüâåíòà, {ϕj}−áàçèñ èç åãî ñîáñòâåííûõ âåêòîðîâ, {λn}− åãî ñîáñòâåííûå çíà÷åíèÿ,
{µn}− ñîáñòâåííûå ÷èñëà îïåðàòîðà A0 + B, çàíóìåðîâàííûå â ïîðÿäêå âîçðàñòàíèÿ
äåéñòâèòåëüíûõ ÷àñòåé. Â ðàáîòå [11] äîêàçàíà ñëåäóþùàÿ òåîðåìà

Òåîðåìà 1. Ïóñòü îïåðàòîð B òàêîâ, ÷òî D(A0) ⊂ D(B), è ïóñòü ñóùåñòâó-
åò ÷èñëî δ ∈ [0, 1) òàêîå, ÷òî îïåðàòîð BA−δ0 ïðîäîëæàåòñÿ äî îãðàíè÷åííîãî, è

íåêîòîðîå ÷èñëî ω ∈ [0, 1), ω + δ < 1 òàêîå, ÷òî A
−(1−δ−ω)
0 −ÿäåðíûé îïåðàòîð. Òîãäà

ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü íàòóðàëüíîãî ðÿäà {nm}∞m=1 è ïîñëåäîâàòåëü-
íîñòü êîíòóðîâ Γm ∈ C òàêèå, ÷òî ïðè ω ≥ δ

l
âåðíà ôîðìóëà

lim
m→∞

 nm∑
i=1

(µi − λi) +
1

2πi

∫
Γm

l∑
k=1

(−1)k−1

k
tr(BR0(λ))kdλ

 = 0

Â ÷àñòíîñòè, ïðè ω ≥ δ âåðíà ôîðìóëà

lim
m→∞

nm∑
i=1

(µi − λi − (Bϕi, ϕi)) = 0.
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Âîçüìåì α > 2, L0 ≡ A, Q ≡ B. Òîãäà ïî òåîðåìå 2.1 ïðè δ = 0, ω < α−2
2α

âñå óñëîâèÿ
ïðèâåäåííîé âûøå òåîðåìû 1 óäîâëåòâîðÿþòñÿ, ïîýòîìó äëÿ ðàçíîñòè ñîáñòâåííûõ
çíà÷åíèé L0 è L ñïðàâåäëèâà

lim
m→∞

nm∑
n=1

(µn − λn − (Qψn, Qψn)L2) = 0,

ãäå ψ1, ψ2, ... îðòîíîðìèðîâàííûå ñîáñòâåííûå âåêòîð�ôóíêöèè îïåðàòîðà L0. lim
m→∞

nm∑
n=1

(µn−

λn) íàçîâåì ðåãóëÿðèçîâàííûì ñëåäîì îïåðòîðà L.
Âû÷èñëèì íîðìó ñîáñòâåííîé ôóíêöèè îïåðàòîðà L0 â L2. Äëÿ ýòîãî âîñïîëüçó-

åìñÿ ðàâåíñòâîì ([18], ñòð. 531)

1∫
0

tJν (αt) Jν (βt)dt =
1

α2 − β2
[Jν (α) βJ ′ν (β)− Jν (β)αJ ′ν (α)].

Ïåðåõîäÿ ê ïðåäåëó ïðè α→ β

1∫
0

tJ2
ν (βt) dt =

βJ ′2ν (β)− Jν (β) (J ′ν(β) + βJ ′′ν (β))

2β
.

Ó÷èòûâàÿ òîæäåñòâà

J ′ν (z) = −Jν+1 (z) +
ν

z
Jν (z) ,

J ′′ν (z) = −J ′ν+1 (z)− ν

z2
Jν (z)− ν

z
J ′ν (z) ,

âûðàæåíèå â ñêîáêàõ â ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà ïðåîáðàçóåòñÿ ê âèäó

−Jν+1 (β) +
ν

β
Jν (β)− βJ ′ν+1 (β)− ν

β
Jν (β) + νJ ′ν (β)

èëè æå ñîãëàñíî zJ ′ν+1 (z) = zJν (z)− (ν + 1) Jν+1 (z) áóäåò èìåòü ñëåäóþùèé âèä

νJν+1 (β)− βJν (β) + νJ ′ν (β) .

Îïÿòü æå èç ñîîòíîøåíèÿ

J ′ν (z) = −Jν+1 (z) +
ν

z
Jν (z) ,
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èìååì
1∫

0

tJ2
ν (βt) dt =

β2J ′2ν (β) + (β2 − ν2) J2
ν (β)

2β2

Òàê êàê xm,k óäîâëåòâîðÿþò óðàâíåíèþ

βJ ′ν (β) +

(
1

2
− β2 − γk

)
Jν (β) = 0,

òî
1∫

0

tJ2
ν (xm,kt) dt =

[(
1
2
− x2

m,k − γk
)2

+
(
x2
m,k − ν2

)]
J2
ν (xm,k)

2x2
m,k

=

=
1
4
− γk + x4

m,k + 2x2
m,kγk + γ2

k − ν2

2x2
m,k

J2 (xm,k) .

Òàêèì îáðàçîì,

(√
tJν(xm,kt)ϕk, Jν(xm,k)ϕk

)
L2

=

1∫
0

tJ2
ν (xm,kt) (ϕk, ϕk) dt+ J2

ν (xm,k) (ϕk, ϕk) =

=
x4
m,k + 2x2

m,kγk + γ2
k − γk −

(
ν2 − 1

4

)
+ 2x2

m,k

2x2
m,k

J2
ν (xm,k)

è îðòîíîðìèðîâàííûå ñîáñòâåííûå âåêòîð - ôóíêöèè îïåðàòîðà L0 èìåþò âèä

1

Jν (xm,k)

√
2x2

m,k

x4
m,k + 2x2

m,kγk + 2x2
m,k + γ2

k − γk − ν2 + 1
4

×

×
{√

tJν (xm,kt)ϕk, Jν (xm,k)ϕk

} (
m = 0,∞, k = N,∞
m = 1,∞, k = 1, N − 1

)
Äîêàæåì ñëåäóþùóþ ëåììó.
Ëåììà 3.1. Åñëè îïåðàòîðíàÿ ôóíêöèÿ q (t) óäîâëåòâîðÿåò óñëîâèÿì 1,2 è α > 0

òî
∞∑
k=1

∞∑
m=1

∣∣∣∣∣∣
1∫

0

2x2
m,ktJ

2
ν (xm,kt) (q (t)ϕk, ϕk)

J2
ν (xm,k)

{
x4
m,k + 2x2

m,k + 2γkx2
m,k + γ2

k − γk − ν2 + 1
4

}dt
∣∣∣∣∣∣+
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+
∞∑
k=N

∣∣∣∣∣∣
1∫

0

2x2
0,ktJ

2
ν (x0,kt) (q (t)ϕk, ϕk)

J2
ν (x0,k)

{
x4

0,k + 2x2
0,k + 2γkx2

0,k + γ2
k − γk − ν2 + 1

4

}
∣∣∣∣∣∣ <∞. (3.2)

Äîêàçàòåëüñòâî. Ïîëîæèì fk (t) = (q (t)ϕk, ϕk). Ïî ëåììå 2.1 xm,k ∼ πm + νπ
2
−

π
4

(
m = 1,∞

)
. Òàê ÷òî èìåÿ ââèäó íåðàâåíñòâî ([18], ñòð. 666)

∣∣∣∣ tJ2
ν(xm,kt)
J2
ν(xm,k)

∣∣∣∣ < c, è

óñëîâèÿ 1, 2 ïîëó÷èì

∞∑
k=1

∞∑
m=1

∣∣∣∣∣∣
1∫

0

2x2
m,ktJ

2
ν (xm,kt) (q (t)ϕk, ϕk)

J2
ν (xm,k)

{
x4
m,k + 2x2

m,k + 2γkx2
m,k + γ2

k − γk − ν2 + 1
4

}dt
∣∣∣∣∣∣ <

< c

∞∑
k=1

∞∑
m=1

1∫
0

|fk (t)|dt

x2
m,k + 2 + 2γk +

γ2
k−γk−ν2+ 1

4

x2
m,k

<c

∞∑
k=1

∞∑
m=1

1

x2
m,k

1∫
0

|fk (t)|dt <∞.

Äëÿ îöåíêè âòîðîãî ñëàãàåìîãî â (3.2) âîñïîëüçóåìñÿ àñèìïòîòèêîé x0,k ∼
ν2− 9

4

4
+√

γk −
√
γk
(
ν2 − 1

4

)
è γk ∼ akα. Ïî óñëîâèþ ëåììû α > 0, òàê ÷òî îáîçíà÷èâ ýòî

ñëàãàåìîå ÷åðåç s áóäåì èìåòü èç óñëîâèÿ 1

|s| <
∞∑
k=N

1

x2
0,k

1∫
0

|fk (t)|dt <∞.

Ëåììà äîêàçàíà.
Ïðåäïîëîæèì, ÷òî âûïîëíÿþòñÿ óñëîâèÿ

1∫
1−δ

|fk(t)|
cosπt

2

dt <∞, (3.3)

δ∫
0

|fk(t)|
t

dt <∞. (3.4)

Ñ ïîìîùüþ ëåììû 3.1 äîêàæåì ñëåäóþùóþ òåîðåìó.
Òåîðåìà 3.1. Ïóñòü âûïîëíÿåòñÿ óñëîâèå òåîðåìû 2.1. Åñëè îïåðà-òîðíàÿ ôóíê-

öèÿ q (t) óäîâëåòâîðÿåò óñëîâèÿì 1-3, à òàêæå (3.3), (3.4), òî èìååò ìåñòî ñëåäó-
þùàÿ ôîðìóëà

lim
m→∞

nm∑
n=1

(µn − λn) = −2νtr q (0) + tr q (1)

4
. (3.5)
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Äîêàçàòåëüñòâî. Èç àáñîëþòíîé ñõîäèìîñòè ðÿäà â (3.2) èìååì

lim
m→∞

nm∑
n=1

(µn − λn) =

=
N−1∑
k=1

∞∑
m=1

1∫
0

2x2
m,ktJ

2
ν (xm,kt) (q (t)ϕk, ϕk) dt

J2
ν (xm,k)

{
x4
m,k + 2x2

m,k + 2γkx2
m,k + γ2

k − γk − ν2 + 1
4

}+

+
∞∑
k=N

∞∑
m=0

1∫
0

2x2
m,ktJ

2
ν (xm,kt) (q (t)ϕk, ϕk)

J2
ν (xm,k)

{
x4
m,k + 2x2

m,k + 2γkx2
m,k + γ2

k − γk − ν2 + 1
4

}dt. (3.6)

Âû÷èñëèì ñïåðâà çíà÷åíèå ðÿäà

∞∑
k=N

∞∑
m=0

1∫
0

2tJ2
ν (xm,kt) fk (t)

J2
ν (xm,k)

{
x4
m,k + 2x2

m,k + 2γkx2
m,k + γ2

k − γk − ν2 + 1
4

}dt.
Ðàññìîòðèì ðÿä

∞∑
m=0

1∫
0

2tJ2
ν (xm,kt) fk (t)

J2
ν (xm,k)

{
x4
m,k + 2x2

m,k + 2γkx2
m,k + γ2

k − γk − ν2 + 1
4

} .
Äëÿ êàæäîé ôèêñèðîâàííîé k ïðè N →∞ èññëåäóåì àñèìïòîòè÷åñêîå ïîâåäåíèå

ôóíêöèè

RN (t) =
N−1∑
m=0

2tx2
m,kJ

2
ν (xm,kt)

J2
ν (xm,k)

{
x4
m,k + 2x2

m,k + 2γkx2
m,k + γ2

k − γk − ν2 + 1
4

} .
Äëÿ òîãî, ÷òîáû âûâåñòè ôîðìóëó äëÿ RN (t), âûðàçèì m-é ÷ëåí ñóììû RN (t) â

âèäå âû÷åòà â òî÷êå xm,k íåêîòîðîé ôóíêöèè êîìïëåêñ-íîãî ïåðåìåííîãî z, èìåþùåé
ïîëþñû â òî÷êàõ xm,k

(
m = 0, N − 1

)
, ïðè ôèêñèðîâàííîé k.

Ðàññìîòðèì ñëåäóþùóþ ôóíêöèþ

g (z) =
2tzJ2

ν (tz)

Jν (z)
{
zJ ′ν (z) +

(
1
2
− z2 − γk

)
Jν (z)

} . (3.7)

Ýòà ôóíêöèÿ èìååò ïîëþñû â òî÷êàõ x0,k,...,xN−1,k, è j1, .., , jN
(Jν (jn) = 0).
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Âû÷åò â òî÷êå jn ðàâåí

2tjnJ
2
ν (tjn)

J ′ν (jn)
(
jnJ ′ν (jn) +

(
1
2
− j2

n − γk
)
Jν (jn)

) =
2tJ2

ν (tjn)

J ′ν (jn)2 =
2tJ2

ν (tjn)

J2
ν+1 (jn)

.

Âû÷èñëèì âû÷åò â xm,k. Èìååì(
zJ ′ν (z) +

(
1

2
− z2 − γk

)
Jν (z)

)′
= J ′ν (z)

(
3

2
− z2 − γk

)
+ zJ ′′ν (z)− 2zJν (z) =

= −ν
z
Jν (z)

(
1

2
− z2 − γk

)
−νJ ′ν (z)+Jν−1 (z)

(
3

2
− z2 − γk

)
+zJ ′ν−1 (z)−2zJν (z) . (3.8)

Îáîçíà÷èì ôóíêöèþ â (3.8) ÷åðåç G (z). Ïîäñòàâëÿÿ xm,k âìåñòî z, ó÷èòûâàÿ ÷òî
xm,k ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

zJ ′ν (z) +

(
1

2
− z2 − γk

)
Jν (z) = 0,

è ïîëüçóÿñü zJ ′ν−1 (z) = (ν − 1) Jν−1 (z)− zJν (z), ïîëó÷èì

G (xm,k) = Jν−1 (xm,k)

(
3

2
− x2

m,k − γk
)

+ (ν − 1) Jν−1 (xm,k)−

−3xm,kJν (xm,k) = Jν−1 (xm,k)

(
1

2
+ ν − x2

m,k − γk
)
− 3xm,kJν (xm,k) .

Ñîãëàñíî Jν−1(z) = J ′ν(z) + ν
z
Jν(z) èìååì

G (xm,k) =

(
J ′ν (xm,k) +

ν

xm,k
Jν (xm,k)

)[
ν +

1

2
− x2

m,k − γk
]
− 3xm,kJν (xm,k) =

=
νxm,kJ

′
ν (xm,k) + ν2Jν (xm,k)

xm,k
+

+
[xm,kJ

′
ν (xm,k) + νJν (xm,k)]

[
1
2
− x2

m,k − γk
]
− 3x2

m,kJν (xm,k)

xm,k
.

Òàê êàê xm,k óäîâëåòâîðÿåò (2.4)

G (xm,k) = −
x4
m,k + 2x2

m,kγk + 2x2
m,k − γk + γ2

k − ν2 + 1
4

xm,k
Jν (xm,k) .
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Òàêèì îáðàçîì,

res
z=xm,k

g (z) = −
2tx2

m,kJ
2
ν (txm,k)

J2
ν (xm,k)

(
x4
m,k + 2x2

m,k + 2γkx2
m,k + γ2

k − γk − ν2 + 1
4

) .
Âîçüìåì çà êîíòóð èíòåãðèðîâàíèÿ êîíòóð C. Ñîãëàñíî ëåììàì 2.1 è 2.3, êîãäà N

äîñòàòî÷íî âåëèê xN−1,k < AN < xN,k è êàê èçâåñòíî jN < AN < jN+1.
Ëåãêî ïðîâåðèòü, ÷òî â îêðåñòíîñòè íóëÿ ôóíêöèÿ (3.7) áóäåò èìåòü ïîðÿäîê

O (zν) (ν ≥ 1). Òàê ÷òî èíòåãðàë ïî ìàëîé ïîëóîêðóæíîñòè ñ öåíòðîì â íà÷àëå êî-
îðäèíàò ïðåâðàòèòñÿ â íîëü ïðè r → 0. (r- ðàäèóñ ïîëóîêðóæíîñòè). À òàêæå, òàê
êàê ôóíêöèÿ (3.7) íå÷åòíàÿ, òî èíòåãðàë ïî ëåâîé ÷àñòè êîíòóðà C îáðàòèòñÿ â íîëü.

Äàëåå, åñëè z = u + iυ, òî ïðè áîëüøîì |υ| è ïðè u ≥ 0 ïîäèíòåãðàëü-íîå âû-
ðàæåíèå áóäåò èìåòü ïîðÿäîê O

(
e|υ|(2t−2)

)
è, ñëåäîâàòåëüíî, äëÿ çàäàííîãî çíà÷åíèÿ

AN èíòåãðàëû, âçÿòûå âäîëü âåðõíåé è íèæíåé ñòîðîí ïðÿìîóãîëüíèêà, ñòðåìÿòñÿ ê
íóëþ ïðè B →∞ (0 < t < 1).

Òàêèì îáðàçîì, ïîëó÷àåì ñëåäóþùóþ ôîðìóëó

TN (t)−RN (t) = lim
B→∞

1

2πi

AN+iB∫
AN−iB

2tzJ2
ν (tz) dz

Jν (z)
{
zJ ′ν (z) +

(
1
2
− z2 − γk

)
Jν (z)

} ,
TN (t) =

N∑
m=1

2tJ2
ν (tjm)

J2
ν+1 (jm)

. (3.9)

Íà ðàññìàòðèâàåìîì êîíòóðå ïðè x−1+ε
N−1,k ≤ t < 1, ãäå 0 < ε < 1

2
, |tz| → ∞. Ïîýòîìó

â ïîäèíòåãðàëüíîì âûðàæåíèè ìîæíî çàìåíèòü áåññåëåâû ôóíêöèè ñîîòâåòñòâóþùè-
ìè àñèìïòîòèêàìè ïðè áîëüøèõ àðãóìåíòàõ. Òîãäà ó÷èòûâàÿ

J2
ν (z) =

2

πz

[
1

2
+

sin (2z − νπ)

2

](
1 +O

(
1

z

))
ïðè N →∞

1

2πi
lim
B→∞

AN+iB∫
AN−iB

2tzJ2
ν (tz)

Jν (z)
{
zJ ′ν (z) +

(
1
2
− z2 − γk

)
Jν (z)

}dz ∼

∼ 1

πi

AN+iB∫
AN−iB

1 + sin (2zt− νπ)

−z (1 + sin (2z − νπ))
dz ∼
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∼ 1

π

∫ ∞
−∞

dυ

− (AN + iυ) (1 + cos 2iυ)
− 1

π

∫ ∞
−∞

sin (2tAN − νπ + 2tiυ)

(AN + iυ) (1 + cos 2iυ)
dυ (3.10)

Îáîçíà÷èì ïðàâóþ ÷àñòü (3.10) ÷åðåç J . Èìååì

|J | < 2

AN

∞∫
0

dυ

ch2υ
+
const

AN

∞∫
0

ch2tυ

ch2υ
=

π

2AN
+
const

AN

1

cos πt
2

. (3.11)

Òîãäà

lim
N→∞

1∫
0

RN (t)fk (t) dt = lim
N→∞

1∫
0

TN (t)fk (t) dt−

− 1

2πi
lim
N→∞

1∫
0

 AN+i∞∫
AN−i∞

2tzJ2
ν (tz)

Jν (z)
{
zJ ′ν (z) +

(
1
2
− z2 − γk

)
Jν (z)

}dz
fk (t) dt =

= lim
N→∞

1∫
0

TN (t)fk (t) dt− lim
N→∞

1

2πi

A−1+ε
N∫
0

(TN (t)−RN (t)) fk (t) dt−

−
1∫

A−1+ε
N

1

2πi

 AN+i∞∫
AN−i∞

2tzJ2
ν (tz)

Jν (z)
{
zJ ′ν (z) +

(
1
2
− z2 − γk

)
Jν (z)

}dz
fk (t) dt. (3.12)

Èç îöåíêè (3.11), ïðè âûïîëíåíèè óñëîâèÿ (3.3), èìååì

1∫
A−1+ε
N

∣∣∣∣∣∣
AN+i∞∫
AN−i∞

2tzJ2
ν (tz)

Jν (z)
{
zJ ′ν (z) +

(
1
2
− z2 − γk

)
Jν (z)

}dzfk (t) dt

∣∣∣∣∣∣ ≤

≤ lim
N→∞

π

2AN

1∫
A−1+ε
N

|fk (t)|dt+ lim
N→∞

const

AN

1∫
A−1+ε
N

|fk (t)|
cos πt

2

dt = 0. (3.13)

Äàëåå, èçâåñòíî ñëåäóþùåå ñîîòíîøåíèå ïðè áîëüøèõ N (ñì. [18], ñòð. 642)

TN (t) ∼ 1

2t

[
1− sin 2AN t

sin πt

]
.
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Òàê ÷òî, åñëè âûïîëíÿåòñÿ (3.4), òî

lim
N→∞

∫ A−1+ε
N

0

TN (t) fk (t)dt = 0. (3.14)

Â ñèëó óñëîâèÿ 2 (
∥∥q(l) (t)

∥∥
1
< const), íåðàâåíñòâà (3.2), à òàêæå àñèìïòîòèêè xm,k.

lim
N→∞

∫ A−1+ε
N

0

RN (t)fk (t) dt = 0. (3.15)

Ðàíåå áûëî ïîëó÷åíî, ÷òî ïðè âûïîëíåíèè óñëîâèé 1-3, (ñì. [23])

lim
N→∞

∫ 1

0

TN (t)fk (t) dtz = −2νfk (0) + fk (1)

4
. (3.16)

Èòàê, èç (3.12)-(3.16) èìååì

lim
N→∞

∫ 1

0

RN (t)fk (t) dt = −2νfk (0) + fk (1)

4
. (3.17)

Òàêèì îáðàçîì

∞∑
k=N

∞∑
m=0

∫ 1

0

2tJ2
ν (xm,k, t) fk (t)

J2
ν (xm,k)

[
x4
m,k + 2x2

m,k + 2γkx2
m,k + γ2

k − γk − ν2 + 1
4

]dt =

=
∞∑
k=N

−2νfk (0) + fk (1)

4
. (3.18)

Ïîäîáíûì îáðàçîì ïîëó÷àåì (íà ýòîò ðàç êîíòóð C áóäåò èìåòü âûðåç òîëüêî â
íà÷àëè êîîðäèíàò, òàê êàê óðàâíåíèå (2.5) íå áóäåò èìåòü ìíèìûõ êîðíåé)

N−1∑
k=1

∞∑
m=1

1∫
0

2tJ2
ν (xm,k, t) fk (t)

J2
ν (xm,k)

[
x4
m,k + 2x2

m,k + 2γkx2
m,k + γ2

k − γk − ν2 + 1
4

]dt =

= −
N−1∑
k=1

−2νfk (0) + fk (1)

4
. (3.19)

Îáúåäèíÿÿ (3.17) è (3.18) îêîí÷àòåëüíî èìååì

lim
m→∞

nm∑
i=1

(µn − λn) = −2νtr q (0) + tr q (1)

4
.

Òåîðåìà äîêàçàíà.
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Aslanova N.M.

Asymptotic distribution of eigenvalues and regularized trace of

boundary-value problem with spectral parameter dependent boundary

condition for Bessel's operator equation

In the paper the asymptotic behavior of distribution function for boundary-value problem

with eigenvalue parameter dependent boundary condition is studied. Also the regularized trace

formula for this problem is obtained.
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